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Kef�laio 1
EISAGWGH. OI STOIQEIWDEISSUNARTHSEIS
Oi prot�sei
 pou qrhsimopoioÔme sta majhmatik� e�nai tri¸n tÔpwn: orismo�, axi¸mata kaijewr mata.A. Orismì
 e�nai mia prìtash pou eis�gei mia nèa ènnoia qrhsimopoi¸nta
 palaiìtere
kai \gnwstè
"  dh ènnoie
. Gia par�deigma h taqÔthta sthn omal  k�nhsh or�zetai qrhsimo-poi¸nta
 ti
 ènnoie
: di�sthma (  metatìpish), qronik  di�rkeia, phl�ko.B. Ax�wma e�nai mia prìtash thn al jeia th
 opo�a
 deqìmaste qwr�
 apìdeixh. Sun jw
ta axi¸mata perigr�foun ti
 sqèsei
 twn prwtarqik¸n ennoi¸n, twn ennoi¸n dhlad  pou denor�zontai b�sei palaiotèrwn kai \aploustèrwn" ennoi¸n. Gia par�deigma, sth gewmetr�aprwtarqikè
 ènnoie
 jewroÔntai oi ènnoie
 twn shme�wn, eujei¸n kai epipèdwn. 'Etsi tognwstì ax�wma \apì duo diaforetik� shme�a dièrqetai m�a mìno euje�a", ousiwd¸
 perigr�feiidiìthte
 prwtarqik¸n ennoi¸n.G. Je¸rhma e�nai mia prìtash th
 opo�a
 h al jeia prokÔptei me logik  diergas�a (a-pìdeixh) prohgoumènwn alhj¸n prot�sewn. Me thn suneq  apìdeixh jewrhm�twn k�je ma-jhmatikì
 kl�do
 emplout�zetai me alhje�
 prot�sei
 pou bas�zontai se l�ga axi¸mata kaiorismoÔ
.Sth Fusik , oi prot�sei
 pou qrhsimopoioÔme e�nai tri¸n tÔpwn: orismo�, nìmoi kai je-wr mata. Nìmo
 e�nai mia prìtash th
 opo�a
 h al jeia èqei prokÔyei apì parat rhsh. Pq\k�je s¸ma pou af netai eleÔjero kont� sthn epif�neia th
 gh
 pèftei katakìrufa" e�naimia prìtash pou den apodeiknÔetai, apl¸
 e�nai k�ti pou ma
 to lèei h fÔsh. Oi perissìte-roi nìmoi èqoun majhmatik  diatÔpwsh, pq o jemeli¸dh
 nìmo
 th
 Mhqanik 
 gr�fetai w
\dÔnamh = m�za�epit�qunsh" kai, epanalamb�noume, den apodeiknÔetai all� anakalÔptetai.H majhmatik  gl¸ssa qarakthr�zetai w
 austhr . Autì shma�nei ìti se mia majhmatik 5



6 KEF�ALAIO 1. EISAGWGH. OI STOIQEIWDEIS SUNARTHSEISprìtash den up�rqei potè as�feia. Gia na epiteuqje� autì e�nai apara�thto oi ènnoie
 pouqrhsimopoioÔme na e�nai epakrib¸
 kajorismène
 kai na èqoun monadik  shmas�a. Sthn ka-jhmerin  gl¸ssa autì den e�nai p�nta efiktì, pq h lèxh \aèra
" mpore� na dhl¸nei �nemo  thn atmìsfaira. Ant�jeta sta majhmatik� h lèxh pq \q¸ro
" den shma�nei perioq , topoje-s�a   euruqwr�a, all� e�nai apl  suntomograf�a gia to \dianusmatikì
 q¸ro
" pou or�zetaiepakrib¸
 mèsw dèka axiwm�twn.Apì ta parap�nw prokÔptei ìti gia ìle
 ti
 epist me
 h tautopo�hsh twn ennoi¸n e�naidiergas�a kefalai¸dou
 shmas�a
. 'Etsi katalaba�noume ìti h qr sh th
 lèxh
 \aèra
" ant�\�nemo
" mpore� na katast sei mia prìtash asaf  kai h epan�lhyh tètoiwn asafei¸n èqeikatastrofikì apotèlesma sto ke�meno. Sta majhmatik� dieukolunìmaste idia�tera apì thnqr sh th
 gl¸ssa
 twn sunìlwn. Pq h arq  th
 tou tr�tou apokle�sew
 tou Aristotèlh(pan   e�nai ti   den e�nai) sun jw
 ikanopoie�tai apì thn sqèsh tou perièqesjai, x 2 A. Anx an kei sto A, tìte profan¸
 den an kei sto sumpl rwma tou A.H deÔterh kathgor�a logik¸n sfalm�twn proèrqetai apì mh epitreptè
 pr�xei
. Giapar�deigma, den mporoÔme na prosjèsoume sto di�nusma (x; y) tou didi�statou q¸rou R2 todi�nusma (x; y; z) tou tridi�stou q¸rou R3 . 'Omoia den mporoÔme na prosjètoume dianÔsmatase arijmoÔ
 (pq a + a:
). Qwr�
 na ft�noume se akra�a sqolastikìthta, 5 + sin t den e�nai�jroisma arijmoÔ kai sun�rthsh
 (ti akrib¸
 parist�nei?)'Ola ta majhmatik� antike�mena omadopoioÔntai se sÔnola. 'Etsi èna di�nusma an kei stosÔnolo twn dianusm�twn tou epipèdou   tou tridi�statou q¸rou, mia sun�rthsh f : R ! Ran kei sto sÔnolo p.q. twn suneq¸n   twn paragwgis�mwn sunart sewn pou or�zontai sek�poio di�sthma. Kat� th stoiqei¸dh logik  epitrèpetai h sÔgkrish stoiqe�wn tou �diousunìlou, k�ti an�logo me autì pou ma
 èlegan sto Dhmotikì ìti sugkr�noume mìno omoeid pr�gmata. Omo�w
 pragmatopoioÔme mìno epitreptè
 pr�xei
.1.1 SÔnolaSth sunèqeia epanalamb�noume me suntom�a ìsa apì th gl¸ssa twn sunìlwn e�nai apara�-thta. 'Ola ta sÔnola ja jewroÔntai ìti perièqoun stoiqe�a enì
 \mhtrikoÔ" sunìlou X:'Ena sÔnolo prosdior�zetai e�te di' anagraf 
 twn stoiqe�wn tou, pqA = f2; 4; 6; 8g ;e�te dia perigraf 
, pq A e�nai to sÔnolo twn monoy fiwn art�wn akera�wn,  A = fn 2 Z : n = 2k; k = 1; 2; 3; 4g :



1.1. S�UNOLA 7Profan¸
 den mporoÔme na anagr�youme ìla ta stoiqe�a twn apeirosunìlwn, opìte qrhsi-mopoioÔme th mèjodo th
 perigraf 
, pqB = �x 2 R : x = 1n; n 2 N� :Mia aplousteutik  praktik  e�nai h graf  tri¸n telei¸n ::: pqB = �x 2 R : x = 1n; n = 1; 2; :::� ;  akìma B = �1; 12 ; 13 ; :::� :Epishma�noume ìti ::: e�nai majhmatikì sÔmbolo.Isìthta sunìlwn. DÔo sÔnola A kai B e�nai �sa an perièqoun akribw
 ta �dia stoiqe�a,sumbolik�, A = B , x 2 A) x 2 B kai x 2 B ) x 2 A:To A e�nai uposÔnolo tou B an k�je stoiqe�o tou A e�nai kai stoiqeio tou B; sumbolik�,A � B , x 2 A) x 2 B:Pr�xei
 metaxÔ sunìlwn. Tom  duo sunìlwn A kai B e�nai èna tr�to sÔnolo pou èqei w
stoiqe�a tou ta koin� stoiqe�a twn duo sunìlwn A kai B, sumbolik�A \ B = fx 2 X : x 2 A kai x 2 Bg :'Enwsh duo sunìlwn A kai B e�nai èna tr�to sÔnolo pou èqei w
 stoiqe�a tou ìla ta stoiqe�atwn duo sunìlwn A kai B, sumbolik�A [B = fx 2 X : x 2 A   x 2 Bg :Poiè
 e�nai oi idiìthte
 twn pr�xewn?Sumplhrwmatikì enì
 sunìlou. 'Estw èna sÔnolo X kai A èna uposÔnolo tou. Tìte tosumpl rwma A
 tou A (w
 pro
 to X) or�zetai w
 A
 = fx 2 X : x =2 Ag : Par�deigma: tosumplhrwmatikì tou anoiktoÔ diast mato
 (a; b) sto R; e�nai to sÔnolo (�1; a℄ [ [b;+1):An ; e�nai to kenì sÔnolo, tìte ;
 = X; X
 = ;:Ginìmeno sunìlwn. Kartesianì ginìmeno duo sunìlwn A kai B e�nai èna tr�to sÔnolopou èqei w
 stoiqe�a tou ìla ta diatetagmèna zeÔgh stoiqe�wn twn duo sunìlwn A kai B,sumbolik� A�B = f(a; b) : a 2 A kai b 2 Bg :Par�deigma: R2 = R � R = f(x; y) : x; y 2 Rg e�nai to ep�pedo, kai R3 = R � R � R =f(x; y; z) : x; y; z 2 Rg e�nai o tridi�stato
 Eukle�dio
 q¸ro
.



8 KEF�ALAIO 1. EISAGWGH. OI STOIQEIWDEIS SUNARTHSEIS1.2 Apeikon�sei
. IsqÔ
 sunìlou'Estw dÔo sÔnolaX kai Y:Mia sun�rthsh susqet�zei k�je stoiqe�o touX me èna stoiqe�o touY: Ant� na lème ìti f e�nai mia sun�rthsh apì to X sto Y , gr�foume me sÔmbola f : X ! Y:QrhsimopoioÔntai akìma oi ìroi, apeikìnish, metasqhmatismì
, telest 
.'Opw
 blèpoume, mia apeikìnish e�nai mia tri�da pou perilamb�nei to sÔnolo afethr�a
X (domain), to sÔnolo af�xew
 Y (range) kai ton kanìna th
 antisto�qhsh
 f . To sÔnolotwn y 2 Y gia ta opo�a f(x) = y gia ìla ta x 2 X; lègetai eikìna (image) tou X sto Y kaisumbol�zetai f (X). An h eikìna tou X e�nai olìklhro to Y , tìte h apeikìnish lègetai ep�(onto). An gia k�je x; y 2 X me x 6= y isqÔei f (x) 6= f (y), tìte h sun�rthsh lègetai ènapro
 èna. An mia sun�rthsh e�nai èna pro
 èna kai ep� (amfimonos manth apeikìnish), tìteor�zetai h ant�strofh sun�rthsh f�1 : Y ! X.Apode�xte ti
 parak�tw idiìthte
.� Gia A;B � X isqÔei f (A [B) = f (A) [ f (B) ; f (A \ B) � f (A) \ f (B)� Gia A;B � Y isqÔei f�1 (A [ B) = f�1 (A) [ f�1 (B) ; f�1 (A \ B) = f�1 (A) \f�1 (B)DÔo sÔnola A kai B lègontai isodÔnama an perièqoun ton �dio arijmì stoiqe�wn, pqA = f1; 2; 3g kai B = fa; b; Ag e�nai isodÔnama. O orismì
 autì
 e�nai ikanopoihtikì
gia peperasmèna sÔnola, all� gia apeirosÔnola h majhmatik  koinìthta èprepe na perimèneimèqri to tèlo
 tou 19ou ai¸na, ìtan o Cantor èdwse ton ex 
 orismì. DÔo sÔnola A kai Blègontai isodÔnama an up�rqei èna pro
 èna kai ep� antistoiq�a metaxÔ tou
.Me ton orismì autì, to sÔnolo twn fusik¸n arijm¸n kai to sÔnolo twn fusik¸n art�wne�nai isodÔnama (perièqoun ton \�dio arijmì" stoiqe�wn, èqoun thn �dia isqÔ):1; 2; 3; :::2; 4; 6; :::SÔnola isodÔnama me to sÔnolo twn fusik¸n arijm¸n N ; lègontai arijm sima sÔnola (
ou-ntable sets). 'Etsi, to sÔnolo twn akera�wn Z, to sÔnolo twn peritt¸n akera�wn, to sÔnolotwn akera�wn dun�mewn tou 2 e�nai arijm sima sÔnola. Entupwsiakì e�nai ìti to sÔnolotwn rht¸n Q e�nai arijm simo sÔnolo. To sÔnolo twn pragmatik¸n R e�nai par�deigma m arijm simou sunìlou.



1.3. BASIK�ES �ENNOIES KAI JEWR�HMATA 91.3 Basikè
 ènnoie
 kai jewr mataUpenjum�zoume ti
 proapaitoÔmene
 gn¸sei
 th
 majhmatik 
 an�lush
. H parous�ash dene�nai leptomer 
, apl¸
 sunoy�zoume tou
 kuri¸terou
 orismoÔ
 kai jewr mata qwr�
 apo-de�xei
.1.3.1 'Orio sun�rthsh
 ìtan t! aLème ìti h pragmatik  sun�rthsh f èqei ìrio ton arijmì m ìtan t! a; (gr�foume limt!a f (t) =m) an 8" > 0 9Æ > 0 : jt� aj < Æ ) jf (t)�mj < ":Par�deigma. H sun�rthsh f me tÔpo f (t) = 3t èqei ìrio ton arijmì 6 ìtan t ! 2; diìtigia dojèn " > 0; o arijmì
 Æ = "=3 ikanopoie� ton orismì. (To �dio kai o arijmì
 Æ = "=10):1.3.2 'Orio sun�rthsh
 ìtan t!1Lème ìti h pragmatik  sun�rthsh f èqei ìrio ton arijmì m ìtan t ! 1; (gr�foumelimt!1 f (t) = m) an 8" > 0 9M > 0 : t > M ) jf (t)�mj < ":Par�deigma. H sun�rthsh f me tÔpo f (t) = 1=t2 èqei ìrio ton arijmì 0 ìtan t ! 1;diìti gia dojèn " > 0; o arijmì
 M = 1=p" ikanopoie� ton orismì. (To �dio kai o arijmì
M = 40=p"):� Diatup¸ste ton ant�stoiqo orismì ìtan t! �1:1.3.3 Suneq 
 sun�rthshLème ìti h pragmatik  sun�rthsh f : (a; b)! Re�nai suneq 
 sto (a; b) an gia k�je y 2 (a; b) ;8" > 0 9Æ > 0 : jx� yj < Æ ) jf (x)� f (y)j < "; x 2 (a; b) :Diaisjhtik�, h sun�rthsh f e�nai suneq 
 an \kontin�" prìtupa apeikon�zontai mèsw th
 fse \kontinè
" eikìne
.



10 KEF�ALAIO 1. EISAGWGH. OI STOIQEIWDEIS SUNARTHSEISOi suneqe�
 sunart sei
 èqoun k�poie
 kalè
 idiìthte
 pou ti
 kajistoÔn thn agaphmènhoikogèneia twn majhmatik¸n.S1. K�je suneq 
 sun�rthsh se kleistì kai fragmèno di�sthma èqei mègisto kai el�qi-sto. Akribèstera isqÔei:Je¸rhma 1. An f : [a; b℄! R e�nai suneq 
, tìte up�rqei t0 2 [a; b℄ : f (t) � f (t0) giak�je t 2 [a; b℄ : 'Omoia gia thn el�qisth tim .S2. Mia suneq 
 sun�rthsh sto [a; b℄ pa�rnei ìle
 ti
 (endi�mese
) timè
 metaxÔ f (a)kai f (b) : Akribèstera isqÔei:Je¸rhma 2. An f e�nai suneq 
 sto [a; b℄ ; tìte gia k�je y metaxÔ f (a) kai f (b) up�rqeix 2 [a; b℄ : f (x) = y:Pìrisma (je¸rhma Bolzano). An f e�nai suneq 
 sto [a; b℄ kai f (a) f (b) < 0; tìteup�rqei t 2 (a; b) : f (t) = 0:1.3.4 Par�gwgo
 mi�
 sun�rthsh
Lème ìti h pragmatik  sun�rthsh f : (a; b)! R e�nai paragwg�simh sto t0 2 (a; b) an up�rqeito ìrio limh!0 f (t0 + h)� f (t)h : (1.3.1)Ton arijmì (1.3.1) onom�zoume par�gwgo th
 f sto t0 kai sumbol�zoume me f 0 (t0) : An hf paragwg�zetai se k�je t 2 (a; b) ; tìte h par�gwgo
 sun�rthsh sumbol�zetai me polloÔ
trìpou
, p.q. f 0 (t) ;   dfdt ;   df (t)dt ;   ddtf (t) ;   _f (t) ;   Df (t) :Epishma�noume me èmfash ìti o orismì
 th
 parag¸gou mpore� na grafe� me polloÔ
 (iso-dÔnamou
 fusik�) trìpou
, gia par�deigmay = f (x) ) dydx = lim�x!0 f (x+�x)� f (x)�x ; f 0 (t0) = limt!t0 f (t)� f (t0)t� t0 :To parak�tw je¸rhma genikeÔei to je¸rhma Rolle :Je¸rhma 3 (mèsh
 tim 
). An f e�nai paragwg�simh sto [a; b℄ ; tìte up�rqei 
 2[a; b℄ tètoio ¸ste f 0 (
) = f (b)� f (a)b� a :IsodÔnamoi trìpoi graf 
 e�nai f (b) = f (a) + f 0 (
) (b� a) ;   sunhjèsteraf (x+�x) = f (x) + f 0 (�)�x



1.3. BASIK�ES �ENNOIES KAI JEWR�HMATA 11me � metaxÔ x kai x +�x:Upenjum�zoume ìti h par�gwgo
 mia
 sun�rthsh
 ma
 lèei an h sun�rthsh e�nai aÔxousa  fj�nousa.An f 0 > 0 se k�poio di�sthma, tìte h f e�nai aÔxousa sto di�sthma autì.An f 0 < 0 se k�poio di�sthma, tìte h f e�nai fj�nousa sto di�sthma autì.Kat� sunèpeia h deÔterh par�gwgo
 f 00 de�qnei an f 0 e�nai aÔxousa   fj�nousa. 'Ara seèna di�sthma pouf 00 > 0, shma�nei ìti f 0 aux�nei, �ra h f strèfei ta ko�la pro
 ta p�nw.f 00 < 0, shma�nei ìti f 0 fj�nei, �ra h f strèfei ta ko�la pro
 ta k�tw.Tupikì par�deigma e�nai h sun�rthsh tri¸numo, f(x) = ax2+bx+
, pou strèfei ta ko�lak�tw an a < 0 kai strèfei ta ko�la �nw an a > 0.
PSfrag repla
ements f 00 > 0 f 00 < 0

xx
yy

1.3.5 Akolouj�e
Akolouj�a pragmatik¸n arijm¸n e�nai mia sun�rthsh me ped�o orismoÔ to sÔnolo twn fusik¸narijm¸n N . 'Eqei kajierwje� na mh sumbol�zoume ti
 sunart sei
 autè
 me x (n), n 2 N all�me fxng ; n 2 N . Parade�gmata e�nai oi akolouj�e
 me tÔpo (n-ostì ìro)xn = n; yn = (�1)nn; zn = 1=n; an = 2nn! ; n = 1; 2; : : :Oi ènnoie
 pou gnwr�zoume per� monoton�a
, fragmènou klp gia ti
 sunart sei
, metafè-rontai ab�asta kai sthn per�ptwsh twn akolouji¸n. Eidik� gia to ìrio akolouj�a
 èqoumeton parak�tw orismì.Mia akolouj�a fxng sugkl�nei ston arijmì a (kai gr�foume xn ! a ìtan n ! 1  limn!1xn = a) an gia k�je " > 0 up�rqei fusikì
 arijmì
 N tètoio
 ¸ste gia k�je n > N naisqÔei jxn � aj < ". Sumbolik�,limn!1xn = a an 8" > 0 9N 2 N : n > N ) jxn � aj < ":



12 KEF�ALAIO 1. EISAGWGH. OI STOIQEIWDEIS SUNARTHSEISMporoÔme na de�xoume gia ti
 parap�nw akolouj�e
 fxng; fyng; fzng; fang, ìti h pr¸thapeir�zetai, h deÔterh talanteÔetai h tr�th kai tètarth e�nai mhdenikè
 (èqoun ìrio to 0)kaj¸
 n !1. Oi gnwstè
 idiìthte
 twn or�wn isqÔoun kai gia ta ìria akolouji¸n kai denja ti
 epanal�boume. P.q. to ìrio tou ajro�smato
 duo sugklinous¸n akolouji¸n isoÔtaime to �jroisma twn or�wn, limn!1(an + bn) = limn!1 an + limn!1 bn:Upenjum�zoume ìti h basik  teqnik  gia na de�xoume ìti mia sun�rthsh (�ra kai akolou-j�a) apokl�nei, sun�statai sth sÔgkrish me gnwst  sun�rthsh:An fang apokl�nei (p.q. an ! +1 ìtan n ! 1) kai bn � an telik¸
 gia k�je n; tìtekai h fbng te�nei sto +1.W
 efarmog  tou orismoÔ ja de�xoume thn parak�tw prìtash.Prìtash. An 0 � an � bn gia k�je n kai limn!1 bn = 0; tìte an ! 0 kaj¸
 n!1:Apìdeixh. 'Estw " > 0: Epeid  h fbng e�nai mhdenik , up�rqei N 2 N : n > N ) jbnj < ":Epeid  an � bn; sumpera�noume ìti gia k�je n > N ja isqÔei kai an < "; oed.Gia na broÔme to ìrio mia
 akolouj�a
 fang mporoÔme na qrhsimopoi soume thn parak�twbasik  prìtash.Sqhmat�zoume th sun�rthsh f me tÔpo f (x) ètsi ¸ste o periorismì
 th
 sto N na tau-t�zetai me thn fang ; dhlad  f (n) = an kai exet�zoume kat� ta gnwst� to limx!+1 f (x) :Gia par�deigma an an = p2n2 � n; sqhmat�zoume th sun�rthsh f me tÔpo f (x) =p2x2 � x; kai epeid  limx!+1 f (x) = +1; sumpera�noume ìti kai limn!1 an = +1: Gia ex�-skhsh de�xte ìtilimn!1 3n2 � 2n4n2 + n� 3 = 34 ; limn!1�pn+ 1�pn� = 0; limn!1!n = 0; j!j < 1:Ef' ìson den up�rqei amfibol�a, gia el�frunsh tou sumbolismoÔ mporoÔme na parale�poumeto n!1 k�tw apì to sÔmbolo lim :'Ena basikì krit rio gia th sÔgklish mia
 akolouj�a
 ma
 d�nei to parak�tw je¸rhmapou parajètoume qwr�
 apìdeixh.1Je¸rhma 4. K�je monìtonh kai fragmènh akolouj�a pragmatik¸n arijm¸n sugkl�nei.1H apìdeixh bas�zetai sthn idiìthta tou supremum twn pragmatik¸n arijm¸n. 'Opw
 e�nai gnwstì giatou
 pragmatikoÔ
 arijmoÔ
 isqÔoun ta algebrik� axi¸mata pou qarakthr�zoun èna diatetagmèno s¸ma. Hidiìthta tou supremum e�nai èna akìma ax�wma kai diatup¸netai w
 ex 
: K�je mh kenì kai �nw fragmènouposÔnolo twn pragmatik¸n arijm¸n, èqei el�qisto �nw fr�gma (supremum). Gia par�deigma, to anoiktì



1.3. BASIK�ES �ENNOIES KAI JEWR�HMATA 13To perieqìmeno tou jewr mato
 g�netai antilhptì me to ex 
 par�deigma. A
 jewr soumethn akolouj�a me tÔpo an = 1�1=n. H akolouj�a aut  e�nai aÔxousa kai �nw fragmènh (p.q.èna �nw fr�gma th
 e�nai o arijmì
 3). Kaj¸
 to n aux�nei oi ìroi th
 akolouj�a
 plhsi�zounton arijmì 1 (par' ìlo pou kanèna
 ìro
 th
 akolouj�a
 den isoÔtai me 1). SÔmfwna me toje¸rhma h akolouj�a sugkl�nei. MporoÔme na manteÔsoume to ìrio: e�nai to el�qisto �nwfr�gma th
 akolouj�a
, dhlad  o arijmì
 1. Fusik� ja mporoÔsame amèsw
 apì ti
 idiìthte
twn or�wn na gr�youme liman = lim(1� 1=n) = lim1� lim(1=n) = 1� 0 = 1.'Oria akolouji¸n pou apant¸ntai suqn� sti
 efarmogè
 e�nai ta parak�tw.a) an=n sugkl�nei sto 0 an jaj � 1 kai apokl�nei an jaj > 1.b) an=n! sugkl�nei sto 0 gia k�je a.g) lim npa = 1 8a > 1:Gia ta parap�nw ìria qr simo
 e�nai o tÔpo
 tou diwnumikoÔ jewr mato
,(a + b)n = an + �n1�an�1b+ �n1�an�2b2 + :::+ � nn� 1�abn�1 + bn:Upenjum�zoume ton orismì tou diwnumikoÔ sumbìlou�nk� = n!k! (n� k)! kai 0! = 1:Apì to diwnumikì je¸rhma prokÔptoun oi anisìthte
 (gia x � 0)(1 + x)n � 1 + nx; (1 + x)n � 1 + nx + n (n� 1)2 x2:Sta parak�tw parade�gmata exet�zoume merikè
 gnwstè
 akolouj�e
. 'Ole
 oi apode�xei
bas�zontai sti
 ex 
 dÔo prot�sei
:P1. An an � bn kai limn!1 an = +1 tìte bn !1 ìtan n!1:P2. An 0 � an � bn kai limn!1 bn = 0 tìte an ! 0 ìtan n!1:Par�deigma 1. an sugkl�nei sto 0 an jaj < 1 kai apokl�nei an jaj > 1: Pr�gmati, èstwìti 0 < a < 1; opìte jètoume a = 1= (1 + p) ; p > 0: Tìte, apì to diwnumikì je¸rhma èqoume(1 + p)n = 1 + np+ ::: + pn � 1 + np; epomènw
an = 1(1 + p)n = 11 + np+ :::+ pn � 11 + np:di�sthma (0; 1) e�nai �nw fragmèno. Merik� fr�gmata tou e�nai oi arijmo� 42; 8:34; 1; 2:25 klp. To el�qistoapì ta �nw fr�gmata tou (0; 1) e�nai profan¸
 o arijmì
 1. To par�deigma autì fa�netai tetrimmèno, all�to ax�wma exasfal�zei thn Ôparxh tou supremum kai gia sÔnola pragmatik¸n arijm¸n (fragmèna) pou dene�nai apl� diast mata   peperasmène
 en¸sei
 diasthm�twn.



14 KEF�ALAIO 1. EISAGWGH. OI STOIQEIWDEIS SUNARTHSEISAll� 1= (1 + np) ! 0 ìtan n ! 1; �ra limn!1 an = 0: An t¸ra e�nai a > 1; jètoumea = 1+p; p > 0: Tìte, apì to diwnumikì je¸rhma èqoume an = (1 + p)n = 1+np+ :::+pn �1+np!1 ìtan n!1; �ra limn!1 an =1: H per�ptwsh a < 0 antimetwp�zetai parìmoia(p¸
?).Par�deigma 2. an=n sugkl�nei sto 0 an jaj < 1 kai apokl�nei an jaj > 1: 'Estw p�li ìtia > 1; jètoume a = 1 + p; p > 0: Tìte, apì to diwnumikì je¸rhma èqoumeann = (1 + p)nn = 1 + np+ ::: + pnn � 1 + np + n(n�1)2 p2n = 1n + (n� 1) p22�ra limn!1 an =1: Oi �lle
 peript¸sei
 e�nai parìmoie
.Par�deigma 3. limn!1 npa = 0 gia k�je a � 0: Upojètoume pr¸ta ìti a � 1; �ra kaia1=n � 1 gia k�je n: Jètoume a1=n = 1+pn; pn � 0; opìte apì to diwnumikì je¸rhma èqoumea = (1 + pn)n � 1 + npn: LÔnoume w
 pro
 pn;0 � pn � a� 1n ;�ra pn ! 0 ìtan n!1; epomènw
 limn!1 a1=n = limn!1 (1 + pn) = 1: An 0 < a < 1; tìte1=a > 1; �ra a1=n = 11a1=n ! 1ìtan n!1:'Askhsh. Apode�xte ta parap�nw apotelèsmata jewr¸nta
 ti
 sunart sei
 me tÔpou
ax; ax=x; a1=x kai pa�rnonta
 to ìrio ìtan x!1.Par�deigma 4. an=n! sugkl�nei p�nta sto 0 (gia k�je a 2 R). Upìdeixh: 'Estw a > 0(h per�ptwsh a < 0 e�nai parìmoia). Tìte up�rqei m 2 N : a < m: JewroÔme n > m; opìteann! = amm! am+ 1 am+ 2 ::: an � amm! am::: am| {z }n�m ìroi = amm! � am�n�m == amm! � am��m � am�n � C � am�n ;kai h akolouj�a � am�n e�nai mhdenik  diìti am < 1:1.4 Ant�strofh sun�rthsh'Estw mia sun�rthsh f suneq 
 sto [a; b℄ kai gnhs�w
 aÔxousa. 'Opw
 gnwr�zoume h eikìnath
 f e�nai èna di�sthma [�; �℄ = [f (a) ; f (b)℄. 'Ara an doje� � < y < �, tìte up�rqei



1.4. ANT�ISTROFH SUN�ARTHSH 15monadikì a < x < b (giat�?) tètoio ¸ste f(x) = y. Kat� sunèpeia, epeid  o arijmì
 xkajor�zetai monos manta apì to y, mporoÔme na or�soume th sun�rthshf�1 : [�; �℄! [a; b℄pou lègetai ant�strofh sun�rthsh th
 f kai isqÔeif (x) = y , x = f�1 (y) : (1.4.1)Parìmoia isqÔoun gia gnhs�w
 fj�nouse
 sunart sei
.Parade�gmata. A. 'Estw y = f (x) = x2. Tìte f 0 (x) = 2x > 0, an x > 0, �ra h fe�nai gnhs�w
 aÔxousa sto (0;+1). H ant�strofh th
 e�nai h sun�rthsh tetragwnik  r�za,f�1 (y) = py; dhlad  y = x2 , x = py, bl (1.4.1).B. 'Estw y = f (x) = ex. Tìte f 0 (x) = ex > 0, gia k�je x 2 R, �ra h f e�nai gnhs�w
aÔxousa sto (�1;+1). H ant�strofh th
 e�nai h sun�rthsh log�rijmo
, f�1 (y) = ln y;dhlad  y = ex , x = ln y; bl (1.4.1).To parak�tw shmantikìtato je¸rhma ma
 epitrèpei na broÔme thn par�gwgo th
 ant�-strofh
 sun�rthsh
.Je¸rhma 5. 'Estw f suneq 
 sto [a; b℄ kai paragwg�simh sto (a; b) me f 0(x) > 0 stodi�sthma autì. Tìte h ant�strofh sun�rthsh th
 f pou or�zetai sto [�; �℄, e�nai diafor�simhkai isqÔei �f�1 (y)�0 = 1f 0 (x) = 1f 0 (f�1 (y)) ; Sumbolik�, dxdy = 1dydx :Apìdeixh. 'Estw k�poio y0 sto di�sthma (�; �) kai a
 jèsoume y0 = f (x0), y = f(x).Tìte f�1 (y)� f�1 (y0)y � y0 = x� x0f(x)� f(x0) = 1f(x)�f(x0)x�x0 :Pa�rnonta
 to ìrio y ! y0 kai epeid  x! x0, prokÔptei to zhtoÔmeno.Par�deigma 1. 'Estw y = f (x) = x2. H ant�strofh th
, f�1 (y) = py èqei par�gwgo�f�1 (y)�0 = 1f 0 (x) = 12x = 12py :� Poia e�nai h par�gwgo
 th
 antistrìfou th
 ekjetik 
?1.4.1 Ant�strofe
 trigwnometrik¸n sunart sewnPoiì e�nai to tìxo pou to hm�tono tou e�nai 1=2? W
 gnwstìn oi lÔsei
 e�nai �peire
, x =�=6 + 2k�   x = ��=6 + (2k + 1)�. An ìmw
 perioristoÔme sto di�sthma [��=2; �=2℄, tìte
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-2 -1 1 2

-1

1

x

sin x

-1 1

-1

1

y

arcsin y

mporoÔme na poÔme ìti to \tìxo hmitìnou 1=2" e�nai o arijmì
 �=6. H diadikas�a aut  or�zeithn ant�strofh th
 sun�rthsh
f(x) = sin x; ��2 � x � �2pou sumbol�zetai me ar
sinx   sin�1 x kai diab�zetai tìxo hmitìnou x. Profan¸
 to ped�oorismoÔ th
 e�nai to di�sthma [�1; 1℄ kai to ped�o tim¸n th
 e�nai to di�sthma [��=2; �=2℄.Sunoy�zonta
, ar
sin y = x , y = sinx;ìpou ��2 � x � �2 kai �1 � y � 1:
1 2 3 4

-1

1

x

cosx

-1 0 1

1

2

3

y

arccosy

Me entel¸
 ìmoio trìpo or�zontai oi ant�strofe
 twn trigwnometrik¸n sunart sewnsunhm�tono kai efaptomènh pou sumbol�zontai ar

os   
os�1 kai ar
tan   tan�1 ant�stoiqa.ar

os y = x , y = 
os x;ìpou 0 � x � � kai �1 � y � 1:Gia k�je y, ar
tan y = x , y = tanx;ìpou ��=2 < x < �=2.
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x

tanx
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-1

1

x

arctanx

� Sqoli�ste ta ped�a orismoÔ kai tim¸n twn antistrìfwn trigwnometrik¸n sunart se-wn. Bre�te ti
 timè
 tou x ¸ste ar

os x = 1=2, ar

os x = p3=2, ar
tanx = �1.Upolog�ste ta ar
sin(sin �=6), ar
sin(
os �=3), ar
tan(sin �=4), ar
tan(tan(x+ �)).Upologismì
 twn parag¸gwn twn antistrìfwn sunart sewn. A
 efarmìsoumet¸ra to je¸rhma th
 parag¸gou ant�strofh
 sun�rthsh
 gia ti
 ant�strofe
 trigwnometri-kè
 sunart sei
. Sthn pr�xh, efarmìzoume to Je¸rhma 5 w
 ex 
. Gr�foumey = f�1 (x), x = f (y) ;kai paragwg�zonta
 w
 pro
 x thn tautìthtaf �f�1 (x)� = x;ja èqoume apì ton kanìna th
 alus�da
f 0 (y) dydx = 1 ) dydx = 1f 0 (y) :Gia thn ar
sin ja èqoume loipìn y = ar
sinx, x = sin y;kai paragwg�zonta
 w
 pro
 x thn tautìthtasin (ar
sin x) = x;ja èqoume 
os y dydx = 1 ) dydx = 1
os y = 1p1� sin2 y = 1p1� x2 ;me �lla lìgia, (ar
sinx)0 = 1p1� x2 � 1 < x < 1:



18 KEF�ALAIO 1. EISAGWGH. OI STOIQEIWDEIS SUNARTHSEISMe b�sh to �dio je¸rhma, na de�xete ìtiar

os0 x = � 1p1� x2 :Gia thn ar
tan gr�foume y = ar
tan x, x = tan y: Epeid  isqÔei h tautìthta tan(ar
tanx) =x, paragwg�zonta
 w
 pro
 x kai qrhsimopoi¸nta
 ton kanìna th
 alus�da
 prokÔptei1
os2 yy0 = 1) y0 = 
os2 y;kai epeid  1= 
os2 y = 1 + tan2 y, èqoumear
tan0 x = 11 + tan2 y = 11 + x2 :� Efarmìste thn �dia teqnik  gia na bre�te thn par�gwgo twn antistrìfwn sunart sewntwn: ekjetik , n�ost  r�za.1.4.2 Ekjetik  kai logarijmik  sun�rthshTa diagr�mmata e�nai o kalÔtero
 trìpo
 gia na jumìmaste ti
 basikè
 tou
 idiìthte
.
-2 -1 0 1 2

2

4

6

8

x

exp(x)

1 2 3 4 5

-1

0

1

x

ln x

H ekjetik  sun�rthsh ex e�nai gnhs�w
 aÔxousa kai m�lista aux�nei taqÔtera apì k�jepolu¸numo. Akribèstera,limx!1 exxn = +1; isodÔnama limx!1xne�x = 0; n 2 N :Apìdeixh. Efarmìste ton kanìna lHôpital. D�noume kai mia deÔterh apìdeixh. Jade�xoume pr¸ta ìti ex � 1 + x; x � 0:Pr�gmati, h sun�rthsh f (x) = ex � (1 + x) èqei mh arnhtik  par�gwgo (giat�?), �ra e�naiaÔxousa gia x � 0, �ra f (x) � f (0) = 0, o.e.d. 'Omoia de�qnoume epagwgik� ìtiex � 1 + x+ x22! + x33! + ::: + xnn! ; x � 0:



1.4. ANT�ISTROFH SUN�ARTHSH 19DiairoÔme thn parap�nw anisìthta me xn opìte,exxn�1 � 1xn�1 + 1xn�2 + 12!xn�3 + ::: + xn! ; x � 0;kai pa�rnonta
 to ìrio ìtan x!1, èqoume, limx!1 ex=xn�1 = +1:'Amesh sunèpeia e�nai h prìtash limx!1 lnxx = 0:Pr�gmati, jètonta
 x = ey , y = lnx, èqoumelnxx = yey ! 0 ìtan y !1:� De�xte ìti limx!1 x1=x = 1.Sthn pragmatik  an�lush arijmì
 e or�zetai austhr� w
 to ìriolimn!1�1 + 1n�n = e; n 2 N:An jèsoume h = 1=n, tìte h ! 0 ìtan n ! 1. Ja de�xoume ìti limh!0 (1 + h)1=h = e.Pr�gmati, h par�gwgo
 th
 logarijmik 
 sto shme�o 1 e�nai1 = limh!0 ln (1 + h)� ln 1h = limh!0 ln (1 + h)h = limh!0 ln h(1 + h)1=hiopìte pa�rnonta
 ekjetik� èqoume to zhtoÔmeno.� MporoÔme na de�xoume eÔkola ìti gia x � 0x � e�x � 1� x+ x22! � x33! :Maz� me thn ex � 1 + x+ x22! + x33! , pa�rnoume mia kal  prosèggish gia to e:2:7 < e < 3:1.4.3 Uperbolikè
 sunart sei
Or�zontai gia k�je x 2 R w
: sinh x = ex � e�x2 :sinh onom�zetai uperbolikì hm�tono kai e�nai gnhs�w
 aÔxousa, paragwg�simh, peritt , me
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x

sinh x

-3 -2 -1 0 1 2 3
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10

x

cosh x

ped�o tim¸n olìklhro to R. 
osh x = ex + e�x2 :
osh onom�zetai uperbolikì sunhm�tono kai e�nai, paragwg�simh, �rtia, mh arnhtik  gia k�jex 2 R, me ped�o tim¸n [1;+1): tanhx = ex � e�xex + e�x :tanh onom�zetai uperbolik  efaptomènh kai e�nai gnhs�w
 aÔxousa, paragwg�simh, peritt ,

0 1 2 3 4 5
0.0

0.5

1.0
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x

arcoshx

-4 -3 -2 -1 1 2 3 4

-1

1

x

tanh x

fragmènh, me ped�o tim¸n (�1; 1) :� EÔkola prokÔptoun oi parak�tw tautìthte
(a) 
osh2 x� sinh2 x = 1(b) 1= 
osh2 x = 1� tanh2 x(g) sinh(x+ y) = sinhx: 
osh x+ 
osh x: sinh y(d) sinh0 x = 
osh x; 
osh0 x = sinh x; tanh0 x = 1= 
osh2 xGia na katal�bete giat� onom�zontai uperbolikè
, jèsete x(t) = 
osh t; y(t) = sinh t kaiapale�yte to t, gia na bre�te th sqèsh metaxÔ x kai y.



1.5. SQ�OLIA GIA TA AKR�OTATA MIAS SUN�ARTHSHS 21Oi ant�strofe
 twn uperbolik¸n sunart sewn mporoÔn eÔkola na brejoÔn. P.q. giato uperbolikì hm�tono jètoume y = (ex � e�x) =2 kai lÔnonta
 w
 pro
 x, br�skoume x =ln�y +p1 + y2�, �ra sinh�1 x = ln�x +p1 + x2� ;me ped�a orismoÔ kai tim¸n olìklhro to R.� Gia thn ant�strofh tou uperbolikoÔ sunhmitìnou, br�skoume duo tÔpou
 kai qrhsimo-poioÔme thn sun�rthsh 
osh�1 : [1;1)! [0;1) pou pa�rnei jetikè
 timè
,
osh�1 x = ln�x +px2 � 1� :Me ìmoio trìpo br�skoume tanh�1 x = 12 ln 1 + x1� x;me ped�o orismoÔ to (�1; 1) kai ped�o tim¸n to R.Gia na broÔme ti
 parag¸gou
 twn antistrìfwn uperbolik¸n sunart sewn, gr�foumey = sinh�1 x , x = sinh y. Epeid  isqÔei h tautìthta sinh �sinh�1 x� = x, paragwg�zonta
w
 pro
 x kai qrhsimopoi¸nta
 ton kanìna th
 alus�da
 prokÔptei
osh yy0 = 1) y0 = 1
osh y = 1p1 + sinh2 ykai epeid  
osh y =p1 + sinh2 y, èqoumedydx = �sinh�1 x�0 = 1p1 + x2 :� Me ìmoio trìpo de�xte ìti�
osh�1 x�0 = 1px2 � 1 ; �tanh�1 x�0 = 11� x2 :1.5 Sqìlia gia ta akrìtata mia
 sun�rthsh
Ta shme�a x gia ta opo�a h par�gwgo
 f 0(x) mia
 sun�rthsh
 e�nai mhdèn, lègontai kr�simashme�a th
 f . Ta kr�sima shme�a e�nai upoy fia topik� akrìtata.Prosoq  sth diatÔpwsh tou jewr mato
: An h f e�nai paragwg�simh sto (a; b) kai x0 2(a; b) e�nai topikì akrìtato th
 f , tìte f 0 (x0) = 0. An to di�sthma e�nai kleistì, to je¸rhmaden \douleÔei". To ant�strofo tou jewr mato
 (dhl. An f 0 (x0) = 0, tìte x0 e�nai akrìtato)DEN isqÔei. P.q. gia thn f(x) = x3; f 0(0) = 0, all� to 0 den e�nai topikì akrìtato. Kat�sunèpeia, gia na broÔme ta akrìtata mia
 sun�rthsh
 se k�poio di�sthma [a; b℄, y�qnoumemetaxÔ twn ex 
 upoyhf�wn:



22 KEF�ALAIO 1. EISAGWGH. OI STOIQEIWDEIS SUNARTHSEIS� Kr�simwn shme�wn th
 f .� 'Akrwn tou diast mato
 [a; b℄.� Shme�wn pou den up�rqei h par�gwgo
 th
 f .Fusik� mporoÔme na elègxoume an èna kr�simo shme�o e�nai shme�o akrot�tou th
 f, meto prìshmo th
 deÔterh
 parag¸gou: 'Estw f 0 (x0) = 0. An f 00 (x0) > 0, tìte x0 e�nai shme�otopikoÔ elaq�stou th
 f . An f 00 (x0) < 0, tìte x0, e�nai shme�o topikoÔ meg�stou th
 f .To qrhsimìtato autì je¸rhma e�nai anapotelesmatikì sti
 ex 
 peript¸sei
:1. f 00 (x0) = 0; p.q. f me tÔpo f (x) = x4; f (x) = �x4; f (x) = x3: Kai sta tr�aparade�gmata f 00 (x0) = 0, all� to 0 e�nai ant�stoiqa, el�qisto, mègisto, t�pota.2. H f 00 (x0) e�nai polÔplokh par�stash.An to di�sthma den e�nai kleistì, den up�rqoun sugkekrimènoi kanìne
.� Gia par�deigma, bre�te to mègisto kai to el�qisto th
 f(x) = xx sto (0; 1℄. Poio e�naito mègisto kai to el�qisto th
 f(x) = x3 � x sto [�1; 2℄?1.6 Ask sei
Pro
 dieukìlunsh twn foitht¸n epanalamb�noume k�poiou
 tÔpou
.Par�gwgoi antistrìfwn trigwnometrik¸n sunart sewnddx sin�1 x = 1p1� x2 ; ddx 
os�1 x = � 1p1� x2 ; ddx tan�1 x = 1x2 + 1Ant�strofe
 uperbolikè
 sunart sei
sinh�1 x = ln�x +px2 + 1� ; 
osh�1 x = ln�x+p1� x2� ; tan�1 x = 12 ln 1 + x1� xPar�gwgoi antistrìfwn uperbolik¸n sunart sewnddx sinh�1 x = 1px2 + 1 ; ddx 
osh�1 x = 1px2 � 1 ; ddx tanh�1 x = 11� x2Sqetik� oloklhr¸mataZ dxpa2 � x2 = sin�1 xa + C; Z dxa2 + x2 = 1a tan�1 xa + CZ dxpa2 + x2 = sinh�1 xa + C; Z dxpx2 � a2 = 
osh�1 xa + C



1.6. ASK�HSEIS 23Bre�te thn ant�strofh th
 y = x3 kai upolog�ste thn par�gwgo th
 sto shme�o 1 a)apeuje�a
 kai b) apì ton tÔpo (f�1 (y))0 = 1=f 0 (x) : Ti sumba�nei sto x = 0?Gia k�je mia apì ti
 parak�tw sunart sei
 f bre�te èna di�sthma ¸ste na or�zetai hant�strofh f�1 kai bre�te thn par�gwgo th
 f�1 sto endeiknuìmeno shme�o.1. f (x) = x3 + 1: Bre�te thn (f�1 (2))0 :2. f (x) = x2 � x + 5: Bre�te thn (f�1 (7))0 :3. f (x) = x4 � 3x2 + 1: Bre�te thn (f�1 (�1))0 :4. f (x) = tanx2: Bre�te thn (f�1 (�=4))0 :'Allo
 trìpo
 orismoÔ th
 ekjetik 
 sun�rthsh
Upojètoume ìti up�rqei sun�rthsh f orismènh se ìlo to R tètoia ¸ste f 0 = f kaif (0) = 1: Tìte:1. f (x) 6= 0 gia k�je x kai m�lista f (x) f (�x) = 1:2. H f e�nai monadik .3. H f e�nai gnhs�w
 aÔxousa kai strèfei ta ko�la �nw.4. 8x; y isqÔei f (x+ y) = f (x) f (y) :5. Gia k�je jetikì akèraio n isqÔei f (na) = f (a)n :6. Or�zoume e = f (1) ; �ra f (n) = en kai e > 1: Ep�sh
 f (�n) = e�n: 'Ara mporoÔmesto ex 
 na gr�foume f (x) = ex:Graf mataGia k�je mia apì ti
 parak�tw sunart sei
 f k�nete poiotik� to sk�tso tou graf mato
th
.1. f (x) = xex kai g (x) = xe�x2. f (x) = x2ex kai g (x) = x2e�x3. f (x) = e�x2 kai f (x� 1)4. f (x) = e1=x kai g (x) = e�1=x



24 KEF�ALAIO 1. EISAGWGH. OI STOIQEIWDEIS SUNARTHSEIS5. f (x) = sin2 x kai f (x� �=2)6. f (x) = tan�1 x kai f (x + 1)7. f (x) = x sinx kai g (x) = x2 sin x8. f (x) = 
os2 x kai g (x) = 
os 3x9. f (t) = 1= (1� t) kai g (t) = 1= (t� 1)10. f (t) = (1� t) (t� 2)2 ; g (t) = (t� 1) (t2 + 2)11. f (t) = t (1� t) (t� 2)2 ; g (t) = t (t� 1) (t2 + 2)12. f (t) = t3 � 6t2 + 11t� 6; g (t) = t4 � t3 � 95t2 � 15t� 25Mègista-el�qistaO rujmì
 genn sewn B enì
 plhjusmoÔ bakthrid�wn d�netai apìB(t) = 200te�0:2t;B = arij. genn sewn/¸ra, t qrìno
 se ¸re
. O rujmì
 jan�twn tou plhjusmoÔ autoÔd�netai apì D(t) = t(25� t):Sqedi�ste ti
 B(t); D(t). Pìte o rujmì
 aÔxhsh
 tou plhjusmoÔ e�nai mègisto
? Poiastigm  o plhjusmì
 e�nai mègisto
?



Kef�laio 2
OLOKLHRWSH
2.1 Olokl rwma RiemannUpenjum�zoume en suntom�a ton orismì tou oloklhr¸mato
 Riemann. Upojètoume ìti hsun�rthsh f e�nai suneq 
 sto [a; b℄ kai fragmènh. Qwr�zoume to di�sthma [a; b℄ se n �saupodiast mata kai jètoume �t = b� anTo �t lègetai leptìthta th
 diamèrish
 tou diast mato
 [a; b℄. ArijmoÔme ta �kra twnupodiasthm�twn a = t0; t1; : : : ; tn = b ìpw
 sto sq ma kai sqhmat�zoume toK�tw �jroisma = f (t0)�t + f (t1)�t + ::: + f (tn�1)�t = n�1Xi=0 f (ti)�t;'Anw �jroisma = f (t1)�t + f (t2)�t + :::+ f (tn)�t = nXi=1 f (ti)�t:

Ta ajro�smata aut� parist�noun ta grammoskiasmèna embad� tou sq mato
. JewroÔmet¸ra ta ìria ìtan n!1 (�ra h leptìthta th
 diamèrish
 �t te�nei sto mhdèn). ApodeiknÔ-25



26 KEF�ALAIO 2. OLOKLHRWSHetai ìti ta ìria up�rqoun kai m�lista e�nai �sa. To koinì autì ìrio onom�zetai olokl rwmaRiemann th
 f kai sumbol�zetai Z ba f   Z ba f (t) dt:Parat rhsh. Den e�nai apara�thto na qwr�soume to di�sthma [a; b℄ se �sa upodiast -mata gia na p�roume ta ìria twn ajroism�twn. An gia k�je n or�soume w
 leptìthta th
diamèrish
 to maxi=1;:::;n (ti � ti�1)kai jewr soume ìti tautìqrona n!1 kai leptìthta diamèrish
 ! 0, apodeiknÔetai ìti toìrio up�rqei kai e�nai �so me to olokl rwma Riemann.Se k�je upodi�sthma [ti; ti�1℄ jewroÔme t¸ra èna tuqa�o shme�o �i kai sqhmat�zoume toEndi�meso �jroisma = f (�1)�t1 + f (�2)�t2 + :::+ f (�n)�tn = nXi=1 f (�i)�ti;ìpou �ti = ti � ti�1: Ja onom�zoume �jroisma Riemann th
 f opoiod pote apì ta k�tw�jroisma, �nw �jroisma, endi�meso �jroisma. ApodeiknÔetai ìti ìtan n!1 kai �ti ! 0,to ìrio up�rqei kai e�nai �so me to olokl rwma Riemann th
 f . Akribèstera, isqÔei toparak�twJe¸rhma 1. An f e�nai suneq 
 sto di�sthma [a; b℄, tìte gia k�je " > 0 up�rqeiÆ > 0 tètoio ¸ste an ft0; t1; : : : ; tng e�nai mia opoiad pote diamèrish tou [a; b℄ me ìla ta m kh�ti = ti � ti�1 < Æ, tìte ����� nXi=1 f (�i)�ti � Z ba f ����� < "gia k�je �jroisma Riemann pou sqhmat�zetai an dialèxoume �i sto [ti; ti�1℄.H Ôparxh twn or�wn kai h koin  tim  tou
 ofe�letai sti
 kalè
 idiìthte
 th
 sun�rthsh
f : upojèsame ìti e�nai suneq 
 kai fragmènh. To je¸rhma isqÔei kai gia sunart sei
 pouèqoun peperasmèno pl jo
 suneqei¸n (Bl. sq ma: R 20 f = R 20 g, dhlad  h suneq 
 f kai hasuneq 
 g èqoun �dio olokl rwma.)



2.1. OLOKL�HRWMA RIEMANN 272.1.1 Idiìthte
 tou oloklhr¸mato
(a) Z ba f = � Z ab f kai Z aa f = 0(b) Z ba f + Z 
b f = Z 
a f(g) Z ba (f + g) = Z ba f + Z ba g; kai Z ba 
f = 
 Z ba f; 
 2 R(d) An f (t) � 0 8t 2 [a; b℄ ; tìte Z ba f � 0Por�smata th
 idiìthta
 (d):1. An f (t) � g (t) 8t 2 [a; b℄ ; tìte Z ba f � Z ba g2. m � f (t) � M 8t 2 [a; b℄ ; tìte m (b� a) � Z ba f �M (b� a)(e) ����Z ba f ���� � Z ba jf jShme�wsh. Sthn jewr�a olokl rwsh
, h idiìthta (a) t�jetai w
 orismì
, h de idiìthta(b) isqÔei anex�rthta apì th di�taxh twn a; b; 
 (dhlad  den apaitoÔme na isqÔei a < 
 < b).H (b) lègetai prosjetik  idiìthta tou oloklhr¸mato
 kai prokÔptei �mesa apì ton orismì.H (g) lègetai grammik  idiìthta tou oloklhr¸mato
. H idiìthta (d) e�nai shmantik  diìtiepitrèpei mèsw twn porism�twn th
 na k�noume ektim sei
 gia thn tim  enì
 oloklhr¸mato
,p.q. 0 � Z �=20 sin x2 dx � �=2:� Sqoli�ste th gewmetrik  shmas�a twn idiot twn aut¸n k�nonta
 kat�llhla sq mata.Apode�xte thn idiìthta (e) kai dikaiologe�ste thn grafik�. Apode�xte ta duo por�smatath
 (d). Apode�xte duo idiìthte
 pou pollè
 forè
 ma
 glut¸noun apì polÔ kìpo:An f peritt  tìte Z a�a f = 0:An f �rtia tìte Z a�a f = 2 Z a0 f:



28 KEF�ALAIO 2. OLOKLHRWSH2.1.2 Je¸rhma mèsh
 tim 
'Estw f suneq 
 sto [a; b℄ : De�xte ìti 9� 2 [a; b℄ :Z ba f = f (�) (b� a) :Gen�keush: 'Estw f kai g suneqe�
 sto [a; b℄ : De�xte ìti 9� 2 [a; b℄ :Z ba fg = f (�) Z ba g:2.2 To Jemelei¸de
 Je¸rhma tou ApeirostikoÔ Logi-smoÔTo je¸rhma autì sundèei duo ek pr¸th
 ìyew
 diaforetikè
 ènnoie
, th
 parag¸gou kai touoloklhr¸mato
.Je¸rhma 2. 'Estw f suneq 
 sun�rthsh sto [a; b℄. Or�zoume thn sun�rthshF (x) = Z xa f (t) dtH F e�nai paragwg�simh sto [a; b℄ kai m�listaF 0 (x) = f (x)gia x sto [a; b℄.Apìdeixh. Gr�foume to phl�ko Newton gia h > 0;F (x+ h)� F (x)h = R x+ha f � R xa fh = R xa f + R x+hx f � R xa fh = R x+hx fh'Estw p èna shme�o metaxÔ x kai x + h ìpou h f pa�rnei thn el�qisth tim  sto di�sthma[x; x + h℄ kai èstw q èna shme�o sto di�sthma autì ìpou h f pa�rnei thn mègisth tim .Jètoume m = f(p) kai M = f(q). Apì to Pìrisma 2 ja èqoumemh � Z x+hx f �MhDiair¸nta
 me h èqoume f(p) � R x+hx fh � f(q):Kaj¸
 h ! 0, profan¸
 p; q ! x kai epeid  h f e�nai suneq 
, sumpera�noume ìti to ìriotou phl�kou Newton up�rqei kai isoÔtai me f(x). H per�ptwsh h < 0 e�nai parìmoia kai hapìdeixh e�nai qrèo
 tou anagn¸sth.



2.2. TO JEMELEI�WDES JE�WRHMA TOU APEIROSTIKO�U LOGISMO�U 29Upenjum�zoume ìti an h f e�nai suneq 
 sto [a; b℄ kai up�rqei k�poia sun�rthsh F tètoia¸ste F 0 (x) = f (x) ; x 2 [a; b℄ ; h F lègetai par�gousa   arqik    antipar�gwgo
 th
 f . Giapar�deigma, h sun�rthsh me tÔpo f (x) = x2 èqei m�a par�gousa, thn F (x) = x3=3: All�kai h sun�rthsh me tÔpo x3=3 + C; C 2 R, e�nai m�a par�gousa th
 f . Sumpera�noume ìtidÔo par�gouse
 mia
 sun�rthsh
 diafèroun kat� m�a stajer . To Jemelei¸de
 Je¸rhma touApeirostikoÔ LogismoÔ ma
 exasfal�zei ìti gia k�je suneq  sun�rthsh f up�rqei par�gousakai d�netai apì ton tÔpo F (x) = R xa f (t) dt; dhlad ddx Z xa f (t) dt = f (x) :Pìrisma. An h f e�nai suneq 
 sto [a; b℄ kai f = F 0 gia k�poia sun�rthsh F , tìteZ xa f (t) dt = F (x)� F (a)Apìdeixh. Oi sunart sei
 F kai R xa f èqoun thn �dia par�gwgo, �ra diafèroun kat� miastajer� C, dhlad  gia k�je x èqoumeF (x) = Z xa f + C:Jètonta
 x = a, prokÔptei C = F (a).Sun jw
 to pìrisma autì anafèretai w
 deÔtero jemeli¸de
 je¸rhma tou apeirostikoÔlogismoÔ kai d�netai me th morf Z ba f (t) dt = F (b)� F (a) : (2.2.1)To pìrisma èqei meg�lh praktik  shmasia diìti ma
 d�nei èna kanìna upologismoÔ tou ori-smènou oloklhr¸mato
: Gia ton upologismì tou R ba f; br�skoume mia opoiad pote par�gousath
 f; èstw F; kai efarmìzoume ton tÔpo (2.2.1).Orismì
. To sÔnolo twn paragous¸n mia
 suneqoÔ
 sun�rthsh
 f; lègetai aìristoolokl rwma th
 f kai sumbol�zetai me Z f (x) dx:Sunep¸
, an F e�nai mia opoiad pote par�gousa th
 f; ja èqoumeZ f (x) dx = F (x) + C:Gia par�deigma Z x2dx = x33 + C; Z sinxdx = � 
os x + C:Oi mèjodoi upologismoÔ aor�stwn oloklhrwm�twn e�nai gnwstè
 apì th mèsh ekpa�deush kaiepanalamb�nontai sunoptik� sthn epìmenh par�grafo.



30 KEF�ALAIO 2. OLOKLHRWSH2.3 Mèjodoi olokl rwsh
Parajètoume sunoptik� ti
 kuri¸tere
 mejìdou
 olokl rwsh
. Perissìtera parade�gmatampore�te na bre�te se opoiod pote bibl�o ApeirostikoÔ LogismoÔ.2.3.1 Diaforikì mia
 sun�rthsh
H ènnoia th
 apeirost 
 posìthta
 (k�ti pou e�nai ape�rw
 mikrì) diatup¸jhke apì ton Arqi-m dh, par' ìti o �dio
 p�steue ìti ta epiqeir mata pou emperièqoun apeirost� den e�nai austhr�.Me to sumbolismì tou Leibniz, an x e�nai mia metablht , tìte �x   Æx e�nai h metabol  th
kai an h metabol  e�nai ape�rw
 mikr , tìte sumbol�zetai me dx. 'Etsi diatupwmènh h ènnoiatou apeirostoÔ den e�nai mia akrib 
 majhmatik  ènnoia, e�nai ìmw
 diaisjhtik� polÔ qr simh.Gia ton Leibniz, an y e�nai sun�rthsh tou x; tìte par�gwgo
 tou y w
 pro
 x e�nai to ìrio touphl�kou twn metabol¸n �y=�x kaj¸
 h metabol  �x g�netai ape�rw
 mikr . Thn par�gwgoo Leibniz sumbìlize me dydxkai gia thn apeirost  metabol  (diaforikì) tou y ègrafedy = dydxdx:Fusik� me ton sÔgqrono orismì th
 parag¸gou, dy=dx e�nai k�poio ìrio kai ìqi phl�koapeirost¸n posot twn. O sumbolismì
 tou Leibniz e�nai bolikì
 kur�w
 giat� epitrèpei naor�soume thn qr simh ènnoia tou diaforikoÔ. Diaforikì mia
 sun�rthsh
 f onom�zetai hpar�stash f 0 (x) dx kai sumbol�zetai me df; dhlad df = f 0 (x) dx:Gia par�deigma, to diaforikì th
 sun�rthsh
 me tÔpo 
os x e�nai � sin xdx kai th
 ekjetik 
e�nai dex = exdx. Merik� akìma parade�gmata e�naidx2 = 2xdx; d sinx = 
os xdx; d lnx = dxx ; d (x + 1) = dx; d �x2 + 3x� = (2x + 3) dx:2.3.2 Mèjodo
 antikat�stash
Z f(g (x)|{z}u )g0 (x) dx| {z }du = Z f (u) du1. Z tan xdx = Z sinx
os xdx = � Z d 
osx
os x ="u=
osx � Z duu = � ln juj+C = � ln j
os xj+C



2.3. M�EJODOI OLOKL�HRWSHS 312. Z dxx lnx ="lnx=t; dt=dx=x Z dtt = ln jtj+ C = ln jlnxj+ C3. Z exp1� e2xdx ="ex=t; dt=exdx Z dtp1� t2 = ar
sin t + C = ar
sin ex + C4. Z xdx1 + x2 = 12 Z dx21 + x2 = 12 Z dt1 + t = 12 Z d (1 + t)1 + t = 12 Z duu = 12 ln juj+ C= 12 ln �1 + x2�+ C2.3.3 Olokl rwsh kat� par�gonte
Z fg0 = fg � Z f 0gQrhsimopoie�tai se oloklhr¸mata tou tÔpouZ xnexdx; Z xn 
os xdx; Z xn sinxdx; Z 
osn xexdx; Z sinn xdx; :::1. Z xexdx = xex � Z x0exdx = xex � ex + C2. Z usinu"g0(u) du = u (� 
os u)� Z (� 
os u) du = �u 
os u+ sinu+ C3. Z lnxdx = Z 1"g0(x) lnxdx = x lnx� Z x1xdx = x lnx� x + C4. I = Z exsin x"g0(x) dx = ex (� 
os x)� Z ex"u (� 
os x)"v0 dx= �ex 
os x + ex sinx� Z ex sinxdx| {z }I ) 2I = ex (sin x� 
os x) + C5. I = Z 1x lnxdx = lnx lnx� Z 1x lnxdx) 2I = (lnx)2 + C



32 KEF�ALAIO 2. OLOKLHRWSH6. Z t6 ln tdt = t77 ln t� Z t77 1t dt = t77 ln t� 17 Z t6dt = t77 ln t� t749 + CParat rhsh. Oloklhr¸mata metasqhmat�zontai se aploÔstera me antikatast�sei
:p.q. epeid  Z dx1 + x2 = tan�1 x + C;ja èqoume Z dxa2 + x2 = 1a2 Z dx1 + x2=a2 = 1a2a Z d (x=a)1 + x2=a2 = 1a tan�1 xa + C:'Omoia Z dx1 + b2x2 = 1b Z d (bx)1 + b2x2 = 1b tan�1 (bx) :'Omoia Z dxa2 + b2x2 = 1ab tan�1� bax� :'Omoia gia a > 0 kai �a < x < aZ dxpa2 � x2 = Z dxap1� x2=a2 = Z d (x=a)q1� (x=a)2 = ar
sin xa + C:'Omoia Z dxp5� 3x2 = 1p3 sin�1 r35x!+ C:Sto I = R q1�t1+tdt pollaplasi�zoume arijmht  kai paranomast  me p1� t opìteI = Z 1� tp1� t2dt = Z dtp1� t2 � Z tp1� t2dt = ::: = sin�1 t�p1� t2 + C2.3.4 Olokl rwsh rht¸n sunart sewnRht  sun�rthsh e�nai phl�ko duo poluwnÔmwn P (x)Q(x) : Upojètoume ìti bajmì
 P <bajmì
 Q.Tìte h rht  sun�rthsh gr�fetai w
 �jroisma apl¸n klasm�twn, p.q.2x� 1(x� 1) (x + 2) (x� 3) = A(x� 1) + B(x+ 2) + C(x� 3)ìpou ta A;B;C br�skontai me th mèjodo twn prosdioristèwn suntelest¸n. 'Etsi br�skoumeZ 2x� 1(x� 1) (x + 2) (x� 3)dx = �16 Z dxx� 1 � 13 Z dxx + 2 + 12 Z dxx� 3



2.3. M�EJODOI OLOKL�HRWSHS 33AnQ (x) èqei mia pragmatik  r�za a, bajmoÔ pollaplìthta
 k; tìte ja èqoume apl� kl�smatatou tÔpou A1x� a + A2(x� a)2 + :::+ Ak(x� a)kp.q. x + 2(x + 1)3 (x� 2) = A1x+ 1 + A2(x+ 1)2 + A3(x+ 1)3 + Bx� 2Sthn per�ptwsh migadik¸n riz¸nx + 2(x+ 1) (x2 + 2)2 = Ax+ 1 + Bx + Cx2 + 1 + Dx+ E(x2 + 1)22.3.5 Oloklhr¸mata pou perièqoun pa2 � x2Antikat�stash: x = a sin tZ pa2 � x2dx ="x=a sin t; dx=a 
os tdt a2 Z p1� sin2 t 
os tdt = a2 Z 
os2 tdt = a2 Z 1 + 
os 2t2 dt= a22 �t+ 12 sin 2t�+ C = a22 (t+ sin t 
os t) + C = a22 �t+ sin tp1� sin2 t�+ C= a22 �sin�1 xa + xap1� x2=a2� + C2.3.6 Oloklhr¸mata pou perièqoun px2 + a2; px2 � a2Antikat�stash: x = a sinh t; x = a 
osh t (tautìthta: 
osh2 t� sinh2 t = 1)Sto I = R px2 + a2dx; jètoume x = a sinh t; dx = a 
osh tdt; opìteI = a2 Z psinh2 t + 1 
osh tdt = a2 Z 
osh2 tdt = a2 Z 
osh t sinh0 tdt= a2 
osh t sinh t� a2 Z 
osh0 t sinh t| {z }sinh2 t dt+ C = a2 
osh t sinh t� a2 Z �1 + 
osh2 t� dt+ C= a2 (
osh t sinh t� t� I) + C�ra I = a21 + a2 (
osh t sinh t� t) + C = 11 + a2 �xpx2 + a2 � a ln ���x +px2 + a2����+ CSto I = R dxpx2�1 ; jètoume x = 
osh t; dx = sinh tdt; kai epibebai¸noume ìti I = 
osh�1 x+C: 'Omoia R dxpx2+1 = sinh�1 x + C: Sto I = R dxpx2�a2 ; jètoume x = a 
osh t; dx = a sinh tdt;  to fèrnoume sth morf  R dupu2�1 :



34 KEF�ALAIO 2. OLOKLHRWSH2.3.7 Oloklhr¸mata ginomènwn 
os ax; sin bxAn�gontai se oloklhr¸mata R 
osAxdx; R sinAxdx q�rh stou
 tÔpou
sin ax sin bx = 12 [
os (a� b) x� 
os (a + b) x℄
os ax 
os bx = 12 [
os (a+ b) x + 
os (a� b) x℄sin ax 
os bx = 12 [sin (a+ b) x + sin (a� b) x℄2.3.8 Anagwgiko� tÔpoi1. In = Z tann xdx = Z tann�2 x tan2 x| {z }1= 
os2 x�1dx =Z tann�2 x tan0 xdx� Z tann�2 xdx + C ="u=tanx Z un�2du� In�2 + C'Ara In = �In�2 + 1n� 1 tann�1 x + C2. In = Z sinn xdx = Z sinn�1 x (� 
os x)0 dx = � sinn�1 x 
os x+(n� 1)Z sinn�2 x
os2 x| {z }1�sin2 xdx+ C = � sinn�1 x 
os x+ (n� 1) In�2 � (n� 1) In + C�ra In = n� 1n In�2 � 1n 
os x sinn�1 x + C3. 'Omoia br�skoumeIn = Z 
osn xdx) In = n� 1n In�2 + 1n sinx 
osn�1 x + C4. 'Estw In = Z dx(x2 + 1)n ;me I1 = tan�1 x+ C: TìteIn+1 = Z dx(x2 + 1)n+1 = Z x2 + 1(x2 + 1)n+1dx� Z x2(x2 + 1)n+1dx =In � Z xd� �12n (x2 + 1)n� = In + x2n (x2 + 1)n � 12n Z dx(x2 + 1)n ;�ra In+1 = x2n (x2 + 1)n + 2n� 12n In



2.4. GENIKEUM�ENA OLOKLHR�WMATA 352.4 Genikeumèna oloklhr¸mataE�nai oloklhr¸mata ìpou èna ìrio th
 olokl rwsh
 e�nai �peiro   h upì olokl rwsh su-n�rthsh den e�nai fragmènh sto di�sthma th
 olokl rwsh
. Sthn pr¸th per�ptwsh, toolokl rwma or�zetai w
 Z 1a f (t) dt = limx!1Z xa f (t) dt;arke� na up�rqei to ìrio. Sthn per�ptwsh aut  lème ìti to genikeumèno olokl rwma up�rqei,  sugkl�nei. Gia par�deigmaZ 11 dtt2 = limx!1Z x1 dtt2 = limx!1 ��1t �x1 = limx!1 ��1x + 1� = 1;en¸ to olokl rwma Z 11 dttapokl�nei (giat�?)'Omoia or�zetai kai to Z b�1 f (t) dt = limx!�1Z bx f (t) dt;P.q. to olokl rwma R 0�1 etdt up�rqei (upolog�ste thn tim  tou).To genikeumèno olokl rwma R +1�1 f or�zetai w
Z +1�1 f (t) dt = Z 0�1 f (t) dt+ Z 10 f (t) dtme thn pro�pìjesh ìti kai ta duo ìria up�rqoun. P.q. toZ +1�1 tdtden up�rqei en¸ Z +1�1 dt1 + t2 = �:� Exet�ste an ta parak�tw oloklhr¸mata sugkl�noun kai upolog�ste (an e�nai dunatìn)thn tim  tou
.Z 10 e�t 
os tdt; Z 10 e�t sin tdt; Z 10 e�at sin!tdt; a; ! > 0:Z 11 dttp ; p > 1; p = 1; p < 1:Z 10 xe�xdx; Z 10 x2e�xdx; Z 10 xne�xdx; n 2 N :



36 KEF�ALAIO 2. OLOKLHRWSHO �llo
 tÔpo
 genikeumènou oloklhr¸mato
 apant�tai ìtan to di�sthma th
 olokl rw-sh
 e�nai fragmèno, all� h upì olokl rwsh sun�rthsh den e�nai fragmènh, p.q.Z 10 dxpxSthn per�ptwsh aut  to genikeumèno olokl rwma or�zetai w
Z ba f = limÆ!0 Z ba+Æ f;me thn pro�pìjesh ìti to ìrio up�rqei. 'Omoia or�zetai toZ ba f = limÆ!0Z b�Æa f:'Etsi èqoume Z 10 dxpx = limÆ!0 Z 1Æ dxpx = limÆ!0 2 px��1Æ = limÆ!0 2�1�pÆ� = 2:� Exet�ste an ta parak�tw oloklhr¸mata sugkl�noun kai upolog�ste (an e�nai dunatìn)thn tim  tou
. Z 60 dt(t� 4)2=3 ; Z 10 dttp ; p > 1; p = 1; p < 1:Par' ìlo pou den e�nai p�nta dunatìn na upolog�soume èna olokl rwma, pollè
 forè
mporoÔme na apofanjoÔme gia to an èna genikeumèno olokl rwma sugkl�nei. H sunhjismènhtaktik  e�nai na to sugkr�noume me èna aploÔstero olokl rwma tou opo�ou gnwr�zoume thsumperifor�. Gia par�deigma to olokl rwmaZ 11 dxpx3 + 5up�rqei, diìti gia x > 1, 1px3 + 5 < 1px3 ) Z B1 dxpx3 + 5 < Z B1 dxx3=2gia k�je B > 1; kai epeid  limB!1Z B1 dxx3=2 = 2(giat�?) èpetai ìti to dojèn olokl rwma sugkl�nei. To par�deigma autì apotele� odhgì giato parak�twJe¸rhma 3. 'Estw f kai g tètoie
 ¸ste 0 � g (t) � f (t) gia t � a: An R1a f sugkl�nei,tìte sugkl�nei kai to R1a g.



2.4. GENIKEUM�ENA OLOKLHR�WMATA 37Apìdeixh. AfoÔ isqÔei ìti gia k�je x > aZ xa g � Z xa f � Z 1a f;prokÔptei amèsw
 ìti to ìrio limx!1 R xa g up�rqei.� Diatup¸ste thn antistrofoant�jeth prìtash kai d¸ste èna par�deigma.� Sunhjismèna oloklhr¸mata pou qrhsimopoioÔme gia sÔgkrish e�nai ta akìlouja.R11 dttp : sugkl�nei gia p > 1 kai apokl�nei gia p � 1R 10 dttp : sugkl�nei gia p < 1 kai apokl�nei gia p � 1R10 e�atdt : sugkl�nei gia k�je a > 0.Gia par�deigma R12 dtln t apokl�nei (jumhje�te ìti 0 < lnt < t gia t � 2 kai sugkr�nete toolokl rwma me to R12 dtt ).� Exet�ste an ta parak�tw oloklhr¸mata sugkl�nounZ 11 sinxpx dx; Z 11 sinxx dx; Z 11 dttpt ; Z 10 dttpt :� H sun�rthsh G�ma apotele� gen�keush tou paragontikoÔ (n! = 1:2 : : : (n � 1):n kai0! = 1) kai or�zetai gia k�je x > 0 w
� (x) = Z 10 tx�1e�tdt:Bre�te ti
 timè
 � (1) ;� (2). Oloklhr¸nonta
 kat� par�gonte
 de�xte ìti gia k�jefusikì arijmì n, isqÔei �(n + 1) = n�(n). De�xte ìti �(n + 1) = n!� Sth statistik  upeisèrqetai suqn� h sun�rthshe�ax2 ; a > 0K�nete èna gr�fhma th
 gia a = 0:2; a = 1; a = 2 (kamp�na tou Gauss). 'Enafainomenik� aj¸o olokl rwma, to Z e�x2dxden upolog�zetai (dhlad  h e�x2 den èqei antipar�gwgo pou ekfr�zetai me stoiqei¸-dei
 sunart sei
). En toÔtoi
 to genikeumèno olokl rwma R10 e�x2dx upolog�zetai (mekìlpo pou ja doÔme ston apeirostikì logismì poll¸n metablht¸n) kai èqei thn tim Z 10 e�x2dx = p�2



38 KEF�ALAIO 2. OLOKLHRWSHUpolog�ste to R1�1 e�x2dx (den qrei�zetai sklhr  doulei�). JètoumeI (a) = Z 10 e�ax2dxkai me allag  metablht 
 br�skoume I (a) = 12p�a . 'Etsi mporoÔme na upolog�soume�lla qr sima oloklhr¸mata, p.q.Z 10 x2e�ax2dx = �dI (a)da = p�4 a�3=2� Upolog�ste ta oloklhr¸mataZ 1�1 x2e�ax2dx; Z 10 x4e�ax2dx; Z 10 xe�ax2dx; Z 1�1 xe�ax2dx2.5 Parag¸gish oloklhrwm�twn'Estw mia �kal � sun�rthsh duo metablht¸n f : R2 ! R. (Upojètoume ìti f (x; t) kai �f=�te�nai suneqe�
 sto ped�o orismoÔ tou
). Tìte to orismèno olokl rwmaI (t) = Z ba f (x; t) dxe�nai mia sun�rthsh tou t: H par�gwgo
 tou I (t) d�netai apì ton tÔpodIdt = Z ba ��tf (x; t) dx:Parade�gmata. 1) Gia to I (a) = R 10 eaxdx = 1a (ea � 1) èqoumeddaI (a) = 1 + ea (a� 1)a2 :Apì thn �llh, �eax�a = xeax kai Z 10 xeaxdx = 1 + ea (a� 1)a2 :2) R10 e�axdx = 1a ; a > 0; �raZ 10 xe�axdx = � dda 1a = 1a2 :'Omoia Z 10 xneaxdx = (�1)n dndan �1a� = n!an+1 :



2.6. ASK�HSEIS 393) W
 gnwstìn to Z sinxx dxden upolog�zetai sunart sei stoiqeiwd¸n sunart sewn. En toÔtoi
, èqoumeI (a) = Z 21 sin axx dx; dIda = Z 21 
os axdx = sin a2 
os a� 1a :4) To parak�tw olokl rwma sugkl�nei (giat�?)I (a) = Z 10 e�ax sinxx dx; a > 0: (2.5.1)dIda = � Z 10 e�ax sinxdx = � 11 + a2 (2.5.2)Apì thn (2.5.1) prokÔptei lima!1 I (a) = 0 kai oloklhr¸nonta
 thn (2.5.2) I (a) = � tan�1 a+C ) 0 = lima!1 I (a) = ��=2 + C �ra C = �=2; sunep¸
I (a) = Z 10 e�ax sin xx dx = �2 � tan�1 a:Pa�rnonta
 to ìrio ìtan a! 0; br�skoume èna akìma qr simo olokl rwmaZ 10 sinxx dx = �2 :'Askhsh. De�xte ìti Z 10 e�x2 
os axdx = p�2 ea2=4:2.6 Ask sei
Z sin2 udu = u2 � sin 2u4 +C; Z 
os2 udu = u2 + sin 2u4 +C; Z tan2 udu = tan u� u+C:Upolog�ste ta oloklhr¸mata1. Z �=20 sin2 t 
os tdt; Z 20 6x2dxp2x3 + 9 ; Z 10:5 �x2 sin (�=x) dx; Z a�apa2 � t2dt2. Z x2dxp1� x6 ; Z 10 dxp1� x2 ; Z 1�1 dx1 + x2 ; Z �=4��=4 
os xp1� sin xdx3. Z �=2��=2 sinmx sinnxdx; Z �=2��=2 
osmx sinnxdx; Z �=2��=2 
osmx 
os nxdx; n;m 2 Z:



40 KEF�ALAIO 2. OLOKLHRWSH4. Z dxa2 � x2 ; Z 5x� 3(x + 1) (x� 3)dx; Z 1�px1 +pxdx5. Or�zoume th sun�rthsh I me tÔpoI (t) = Z 10 e�tx sinxx dx; t > 0:De�xte ìti dI=dt = �1= (1 + t2) :6. Poi� apì ta parak�tw oloklhr¸mata sugkl�noun? Upolog�ste an e�nai dunatìn thntim  tou
.Z 11 dxpx; Z 11 dxx3 ; Z 11 dx1 + x4 ; Z 11 dx1 + ex ; Z 10 x2e�xdx; Z 11 dxx lnx7. MporoÔn ta parak�tw na e�nai kai ta dÔo swst�?Z dxp1� x2 = sin�1 x + C; Z dxp1� x2 = � Z � dxp1� x2 = � 
os�1 x + C8. H antikat�stash z = tan x2Apode�xte ìti 
os x = 1� z21 + z2 ; sinx = 2z1 + z2 ; dx = 2dz1 + z2 :Upolog�ste ta Z dx
os x; Z dx1 + sinx



Kef�laio 3
PROSEGGISEIS
Upenjum�zoume ìti gia mia diafor�simh sun�rthsh f se k�poio anoiqtì di�sthma I, an jew-r soume duo shme�a a kai x (a < x ) mèsa sto I, tìte up�rqei � metaxÔ twn a kai x tètoio¸ste f (x) = f (a) + f 0 (�) (x� a) :An to x e�nai kont� sto a, tìte to � e�nai ep�sh
 kont� sto a, opìte perimènoume f 0 (�) nae�nai kont� sto f 0 (a), dhl f 0 (�) ' f 0 (a). (An h par�gwgo
 sun�rthsh e�nai suneq 
 stodi�sthma I, autì e�nai mia eÔlogh upìjesh. Exhge�ste.) Kat� sunèpeia,An x kont� sto a; f (x) ' f (a) + f 0 (a) (x� a) :'Ara to je¸rhma mèsh
 tim 
 epitrèpei na prosegg�soume grammik� mia sun�rthsh an gnwr�-

zoume thn tim  th
 kai thn tim  th
 parag¸gou th
 se èna shme�o. Aut  h \sqedìn isìthta"lègetai topik  grammikopo�hsh th
 f kont� sto a. Gia par�deigma, h topik  grammikopo�hshth
 sun�rthsh
 hm�tono kont� sto 0 e�naisin x ' sin 0 + sin0 (0) (x� 0) ) sinx ' x;41



42 KEF�ALAIO 3. PROSEGGISEISpou e�nai mia polÔ kal  prosèggish (gia mikr� x, mèqri 10 mo�re
, dhlad  0:172 akt�nia,isqÔei isìthta mèqri ta tr�a pr¸ta dekadik� yhf�a. P.q. 8 mo�re
 = 0:1396263 akt�nia kaisin 80 = 0:1391731).� Bre�te thn topik  grammikopo�hsh th
 sun�rthsh
 ex kont� sto 0. To �dio gia ti
p1 + x kai 
os x. Elègxete (me to kompiouter�ki) gia poia x h prosèggish e�nai kal mèqri tr�a dekadik� yhf�a.� Oi oikonomolìgoi qrhsimopoioÔn ton \kanìna tou 70" gia na br�skoun se pìsa qrìniamia epèndush me epitìkio x diplasi�zei to arqikì kef�laio. SÔmfwna me ton kanìnaautì, to kef�laio diplasi�zetai se 70=x qrìnia. Epibebai¸ste ton kanìna gia mikr� x.(Upìdeixh. Ja qreiaste�te thn topik  grammikopo�hsh tou ln(1 + x)).3.1 To Je¸rhma TaylorTo par�deigma th
 grammikopo�hsh
 tou sunhmitìnou ma
 upob�llei thn idèa na prosegg�-soume mia sun�rthsh ìqi me mia euje�a all� me mia kampÔlh pou \str�bei" kat� ton �diotrìpo me thn sun�rthsh. Ja prèpei loipìn sto x = 0 ta graf mata th
 arqik 
 sun�rthsh
f kai th
 prosegg�zousa
 sun�rthsh
 na èqoun thn �dia kl�sh f 0 (0) kai na str�boun me ton�dio rujmì, m' �lla lìgia na èqoun thn �dia deÔterh par�gwgo f 00 (0). H aploÔsterh sun�r-thsh pou mporoÔme na dokim�soume gi' aut n thn prosèggish e�nai èna polu¸numo deutèroubajmoÔ, P2 (x) = a0 + a1x + a2x2;kai na prosdior�soume tou
 suntelestè
 tou. Ja prèpei sto shme�o x = 0 na taut�zontai oisunart sei
, f(0) = P2(0), na èqoun thn �dia kl�sh, f 0(0) = P 02(0) kai �dia deÔterh par�gwgof 00(0) = P 002 (0). Apì ti
 trei
 autè
 sunj ke
 prokÔptei amèsw
 ìti a0 = f (0) ; a1 =f 0 (0) ; a2 = f 00 (0) =2 �ra f (x) ' f (0) + f 0 (0) x+ f 00 (0)2 x2:To polu¸numo pou prosegg�zei thn sun�rthsh kont� sto 0, lègetai polu¸numo Taylor 2oubajmoÔ. Mpore�te na elègxete pìso kal� prosegg�zei to sunhm�tono to polu¸numo Taylor1�x2=2. H gen�keush gia prosèggish mia
 sun�rthsh
 me polu¸numo anwtèrou bajmoÔ e�nai�mesh. An h sun�rthsh èqei mèqri n t�xh
 parag¸gou
 sto 0, tìte mpore� na proseggiste�me èna polu¸numo n bajmoÔ Pn (x) = a0 + a1x+ ::: + anxn:



3.1. TO JE�WRHMA TAYLOR 43Ja apait soume h sun�rthsh f kai ìle
 oi n pr¸te
 par�gwgoi th
 sto 0, na sumfwnoÔn meautè
 tou poluwnÔmou Pn. Qwr�
 duskol�a prokÔpteia0 = f (0) ; a1 = f 0 (0) ; a2 = f 00 (0)2! ; :::; an = f (n) (0)n!opìte mporoÔme na gr�youme thn prosèggish th
 sun�rthsh
 kont� sto 0 me to polu¸numoTaylor n-ostoÔ bajmoÔPn (x) = f (0) + f 0 (0)x + f 00 (0)2! x2 + ::: + f (n) (0)n! xn;kai f (x) ' Pn (x) :E�nai eÔkolo na broÔme ti
 prosegg�sei
 me polu¸numa Taylor k�poiwn gnwst¸n sunar-t sewn (k�nete èlegqo)ex ' 1 + x + x22! + x33! + :::+ xnn! ;sinx ' x� x33! + x55! � x77! + :::+ (�1)n x2n+1(2n+ 1)! ;
os x ' 1� x22! + x44! � x66! + ::: + (�1)n x2n(2n)! :Gia par�deigma, an x = 0:1 akt�nia (' 5:730), tìte x3 = 10�3 kai x5 = 10�5, opìtekatalaba�noume amèsw
 giat� h grammik  prosèggish tou hmitìnou e�nai tìso kal  gia mikr�tìxa. O amèsw
 epìmeno
 ìro
, x3=6, tou poluwnÔmou Taylor ephre�zei mìno to tr�todekadikì yhf�o sto par�deigma ma
.� Prosegg�ste me polu¸numa Taylor ti
 sunart sei
 e�x, ex2 , sinx2 kont� sto 0. Pro-segg�ste me polu¸numa 3ou bajmoÔ kont� sto 0 ti
11 + x; 11� x; ln (1 + x) ; p1 + x:Sthn per�ptwsh pou jèloume na prosegg�soume me polu¸numo th sun�rthsh f kont� sek�poio shme�o a diaforetikì apì to 0, akolouj¸nta
 thn �dia diadikas�a katal goumef (x) ' f (a) + f 0 (a) (x� a) + f 00 (a)2! (x� a)2 + ::: + f (n) (a)n! (x� a)n :Apì thn parap�nw an�lush sumpera�noume ta akìlouja. H prosèggish th
 sun�rth-sh
 e�nai tìso kalÔterh ìso megalÔtero
 e�nai o bajmì
 tou poluwnÔmou Taylor kai ìsokontÔtera sto a e�nai to x. Posotik� autì ja ekfr�zetai w
 ex 
. Gia mia sun�rthsh f



44 KEF�ALAIO 3. PROSEGGISEISpou èqei parag¸gou
 k�je t�xh
 sto a, gia k�je " > 0 kai gia k�je x, up�rqei n tètoio¸ste h diafor� th
 f(x)apì to polu¸numo Taylor n bajmoÔ Pn(x) na e�nai mikrìterh apì", jf (x)� Pn (x)j < ". H diafor� f (x) � Pn (x) lègetai upìloipo tou tÔpou tou Taylor kaisumbol�zetai me Rn. Akribèstera, isqÔei to akìloujoJe¸rhma Taylor. 'Estw ìti h f èqei suneqe�
 parag ģou
 mèqri t�xh
 n+ 1 se k�poiodi�sthma I. An a; x an koun sto I, tìte up�rqei � metaxÔ a kai x, tètoio ¸stef (x) = f (a) + f 0 (a) (x� a) + f 00 (a)2! (x� a)2 + :::+ f (n) (a)n! (x� a)n +Rn (x) ;ìpou Rn (x) = f (n+1) (�)(n+ 1)! (x� a)n+1 :Parathr sei
. 1) Gia n = 0, èqoume to JMTf (x) = f (a) + f 0 (�) (x� a) ;dhlad  o tÔpo
 tou Taylor apotele� gen�keush tou jewr mato
 mèsh
 tim 
.2) An ìle
 oi par�gwgoi th
 f e�nai fragmène
 sto I, dhlad  gia k�poio M > 0 isqÔei8n 2 N ��f (n) (�)�� �M; � 2 Itìte jRn (x)j � M jx� ajn+1(n+ 1)! ! 0 ìtan n!1:(Jumhje�te ìti h akolouj�a an=n! e�nai mhdenik  gia k�je a). To apotèlesma autì ekfr�zeito gegonì
 ìti prosèggish th
 sun�rthsh
 e�nai tìso kalÔterh ìso megalÔtero
 e�nai obajmì
 tou poluwnÔmou Taylor.3) An a = 0, o tÔpo
 tou Taylor gr�fetaif (x) = f (0) + f 0 (0)x + f 00 (0)2! x2 + :::+ f (n) (0)n! xn +Rn (x) ;ìpou to upìloipo d�netai apì Rn (x) = f (n+1) (�)(n+ 1)! xn+1;me � metaxÔ 0 kai x.Oi perissìtere
 sunart sei
 pou sunantoÔme sthn pr�xh èqoun parag¸gou
 k�je t�-xh
 se k�poio di�sthma, kai m�lista autè
 e�nai fragmène
. 'Etsi apì thn parat rhsh (2)



3.1. TO JE�WRHMA TAYLOR 45sumpera�noume ìti to upìloipo g�netai osod pote mikrì gia meg�la n. A
 doÔme merikè
efarmogè
.ex = 1 + x+ x22! + x33! + ::: + xnn! +Rn (x) ; Rn (x) = e�(n + 1)!xn+1;me � metaxÔ 0 kai x. 'Ara to upìloipo fr�ssetaijRn (x)j � ex jxjn+1(n + 1)!kai te�nei sto mhdèn ìtan n ! 1. To fr�gma autì epitrèpei na prosdior�soume pìshprosèggish tou e èqoume gia p.q. n = 5:R5 (1) � e(5 + 1)! � 36! = 3720 ' 0:004;dhlad  èqoume sf�lma mikrìtero tou 0:01 ìtan gr�foumee ' 1 + 11! + 12! + 13! + 14! + 15! = 326120 = 2:716:Gia to hm�tono èqoumesin x = x� x33! + x55! � x77! + :::+ (�1)n�1 x2n�1(2n� 1)! +R2n+1 (x) ;kai to upìloipo eÔkola fr�ssetai afoÔjR2n+1 (x)j = ����sin(2n+1) �(2n+ 1)! x2n+1���� � jxj2n+1(2n + 1)! :A
 upojèsoume ìti jèloume na upolog�soume to sin 1 me akr�beia tess�rwn dekadik¸n yhf�wn(dhlad  sf�lma < 10�3). Pìsou
 ìrou
 apì to an�ptugma Taylor prèpei na diathr soume?Arke� to upìloipo na e�nai mikrìtero tou epijumhtoÔ sf�lmato
, dhlad jR2n+1 (1)j � 1(2n+ 1)! < 10�3;  (2n+ 1)! > 103, �ra n = 3.� Upolog�ste me prosèggish 1=100 to olokl rwmaZ 10 et � 1t dt:� Upolog�ste me prosèggish 2 dekadik¸n yhf�wn to olokl rwma R 10 sin (t2) dt:� Upolog�ste me prosèggish 2 dekadik¸n yhf�wn to olokl rwma R 0:50 
os x�1x dx:



46 KEF�ALAIO 3. PROSEGGISEIS� Bre�te to an�ptugma Taylor per� to 0 th
 f(x) = 1=(1� x).� De�xte ìti ln (1 + x) = x� x22 + x33 � x44 + :::+ (�1)n�1 xnn +Rn (x) :Prosdior�ste to upìloipo kai de�xte ìti fr�ssetai apì to 1=(n+ 1) gia x 2 [0; 1℄.� H gewmetrik  prìodo
 me pr¸to ìro to 1 kai lìgo x > 01 + x + x2 + x3 + :::+ xn�1 = 1� xn1� xepitrèpei na p�roume èna qr simo tÔpo:11� x = 1 + x + x2 + x3 + :::+ xn�1 + xn1� x;(ousiwd¸
 prìkeitai gia th dia�resh tou poluwnÔmou 1 me to 1 � x). An ston tÔpojèsoume ìpou x to �t, pa�rnoume11 + t = 1� t+ t2 � t3 + :::+ (�1)n�1 tn�1 + (�1)n tn1 + t :Oloklhr¸ste aut n thn tautìthta apì 0 mèqri x gia na bre�te to an�ptugma Taylorth
 ln(1+x). Jèsete sthn parap�nw tautìthta ìpou t to u2, oloklhr¸ste apì 0 mèqrix gia na bre�te to an�ptugma Taylor th
 ar
tanx.� H dunamik  enèrgeia enì
 s¸mato
 se Ôyo
 h apì thn epif�neia th
 gh
 d�netai apì thsqèsh U = �G MmR + hìpou m h m�za tou s¸mato
 kai M h m�za th
 gh
. Giat� gia mikr� Ôyh (dhl. h �R = 6400km), jewre�tai kal  h prosèggish, U = mgh?3.2 Seirè
Sthn par�grafo aut  ja exet�soume \ajro�smata" �peirwn to pl jo
 arijm¸n, tou tÔpoux1 + x2 + x3 + :::Gia par�deigma a
 jewr soume thn akolouj�a twn arijm¸n 1; x; x2; x3; :::; xn�1; ::: me x > 0kai a
 sqhmat�soume to �jroismaSn = 1 + x + x2 + x3 + :::+ xn�1:



3.2. SEIR�ES 47Prìkeitai fusik� gia gewmetrik  prìodo me lìgo x, kat� sunèpeiaSn = 1� xn1� x :ParathroÔme ìti an 0 < x < 1, o ìro
 xn g�netai ìlo kai mikrìtero
 kaj¸
 to n aux�neikai perimènoume ìti to �jroisma Sn ja plhsi�zei pro
 to 1=(1� x). H apìdeixh e�nai apl (jumhje�te ìti limn!1 !n = 0 an j!j < 1):limn!1Sn = limn!1 1� xn1� x = 1� limn!1 xn1� x = 11� x:'Eqei ènnoia loipìn na gr�youme 1+x+x2+x3+ ::: = 1=(1�x) ìpou to sumbolikì �jroismatwn ape�rwn ìrwn 1 + x + x2 + x3 + ::: e�nai to ìrio th
 akolouj�a
 fSng twn merik¸najroism�twn.Orismì
. 'Estw mia akolouj�a pragmatik¸n arijm¸n fang ; n 2 N . H èkfrash1Xn=1 anlègetai seir� pou antistoiqe� sthn akolouj�a. To �jroismaSn = nXk=1 ak = a1 + a2 + ::: + an;lègetai n-ostì merikì �jroisma th
 seir�
 kai h akolouj�a fSng lègetai akolouj�a twnmerik¸n ajroism�twn. Ja lème ìti h seir� X ansugkl�nei an h akolouj�a fSng sugkl�nei,an dhlad  up�rqei to ìrio limn!1 Sn. Sthn per�ptwsh aut , to ìrio limSn lègetai �jroismath
 seir�
.H gewmetrik  seir� pou exet�same1Xn=0 xn = 1 + x+ x2 + :::;sugkl�nei ston arijmì 1=(1 � x) an jxj < 1 kai apokl�nei (apeir�zetai) an jxj � 1, diìtisth deÔterh per�ptwsh h akolouj�a twn merik¸n ajroism�twn e�nai mh fragmènh. 'Etsi, topar�doxo tou Z nwno
 ja e�qe luje� sthn epoq  tou an oi Pujagìreioi gn¸rizan ìti12 + 14 + 18 + ::: = 1Xn=0 �12�n � 1 = 11� 12 � 1 = 1H armonik  seir�, X 1=n; e�nai èna par�deigma apokl�nousa
 seir�
1Xn=1 1n = 1 + 12 + 13| {z }�1=2 + 14 + 15 + 16 + 17| {z }�1=2 + 18 + 19 + ::: + 116| {z }�1=2 + :::



48 KEF�ALAIO 3. PROSEGGISEISSti
 parap�nw om�de
 ìrwn, èqoume diadoqik�, 2 ìrou
 pou o kajèna
 e�nai megalÔtero
 tou1=4; 4 ìrou
 pou o kajèna
 e�nai megalÔtero
 tou 1=8; 8 ìrou
 pou o kajèna
 e�nai megalÔte-ro
 tou 1=16, klp. To kìlpo autì ma
 pe�jei ìti den e�nai p�nta eÔkolo na exet�soume an miaseir� sugkl�nei, polÔ perissìtero na broÔme to �jroisma th
. Di�fora krit ria sÔgklish
èqoun diatupwje� tou
 teleuta�ou
 trei
 ai¸ne
, apì ta opo�a eme�
 ja gnwr�soume mìno taentel¸
 apara�thta.Je¸rhma 1. 'Estw fang mia akolouj�a m  arnhtik¸n ìrwn (an � 0 gia k�je n). Hseir�X an sugkl�nei an kai mìno an h akolouj�a twn merik¸n ajroism�twn e�nai fragmènh.Apìdeixh. 'Amesh sunèpeia tou Jewr mato
 4 th
 eisagwg 
.To krit rio autì qrhsimopoi same  dh siwphr� gia na apode�xoume ìti h armonik  seir�den sugkl�nei. Akìma pio basikì e�nai toJe¸rhma 2 (Krit rio sÔgkrish
). 'Estw ìti 0 � an � bn gia k�je n. An h seir�X bn sugkl�nei, tìte sugkl�nei kai hX an.Apìdeixh. Ta merik� ajro�smataSn = a1 + a2 + :::+ an; Un = b1 + b2 + ::: + bnikanopoioÔn thn 0 � Sn � Un gia k�je n;kai afoÔ h fUng e�nai fragmènh (giat�?), èpetai ìti kai h fSnge�nai fragmènh. Kat� sunèpeiah seir� X an sugkl�nei.Gia par�deigma h seir� 1Xn=1 2 + sin3 (n+ 1)2n + n2sugkl�nei diìti 0 � 2 + sin3 (n+ 1)2n + n2 � 32n ;kai gnwr�zoume ìti h seir� 1Xn=1 32n = 3 1Xn=1 12nsugkl�nei (gewmetrik ).Parat rhsh. H sunj kh 0 � an � bn mpore� na antikatastaje� apì thn 0 � an � Cbnìpou C > 0.Sunèpeia tou krithr�ou sÔgkrish
 e�nai to



3.2. SEIR�ES 49Je¸rhma 3 (Krit rio tou lìgou). 'Estw X an mia seir� m  arnhtik¸n ìrwn kai 
èna
 arijmì
 0 < 
 < 1, tètoio
 ¸ste an+1 � 
an gia k�je n. Tìte h seir�X an sugkl�nei.Apìdeixh. Ja sugkr�noume th seir�X an me th gewmetrik  seir�. 'Eqoumean � 
an�1 � 
2an�2 � :::
na0:�ra to merikì �jroisma Sn gr�fetaiSn = a0 + a1 + a2 + ::: + an � a0 �1 + 
+ 
2 + :::+ 
n�SÔgkrish me th gewmetrik  seir� de�qnei ìti h X an sugkl�nei. Pr�gmati,1 + 
+ 
2 + ::: + 
n � 1Xn=0 
n = 11� 
;�ra h akolouj�a fSng fr�ssetai apì ton arijmì 1= (1� 
).Parat rhsh. O aploÔstero
 trìpo
 efarmog 
 tou krithr�ou tou lìgou e�nai h exètashtou or�ou tou lìgou duo diadoqik¸n ìrwn th
 seir�
. 'Etsi èqoume:An limn!1 an+1an > 1 h seir� apokl�nei,An limn!1 an+1an < 1 h seir� sugkl�nei,An limn!1 an+1an = 1 den mporoÔme na apofanjoÔme.W
 efarmog  ja de�xoume ìti h seir� 1Xn=0 1n!sugkl�nei. Pr�gmati èqoumelimn!1 an+1an = limn!1 1(n+1)!1n! = limn!1 1n+ 1 = 0;kai apì to krit rio tou lìgou prokÔptei ìti h seir� sugkl�nei. Ja de�xoume argìtera ìti toìrio th
 seir�
 e�nai o arijmì
 e, h b�sh twn fusik¸n logar�jmwn.� Exet�ste an oi parak�tw seirè
 sugkl�noun1Xn=0 xnn! ; x 2 R; 1Xn=1 1np ; p > 0



50 KEF�ALAIO 3. PROSEGGISEIS3.3 Dunamoseirè
 kai seirè
 TaylorDunamoseir� me kèntro to 0 lègetai k�je seir� th
 morf 
1Xn=0 anxn:Par�deigma dunamoseir�
 e�nai h1Xn=0 xnn! = 1 + x + x22! + x33! + :::(dhl. an = 1=n!). Apì to krit rio tou lìgou, gnwr�zoume ìti mia seir� sugkl�nei ìtan toìrio tou lìgou duo diadoqik¸n ìrwn th
, e�nai mikrìtero tou 1. Sthn per�ptwsh ma
 loipìn,h dunamoseir� ja sugkl�nei an limn!1 ����an+1xan ���� < 1:An jèsoume R = limn!1 ���� anan+1 ���� ;tìte h dunamoseir� sugkl�nei gia �R < x < R kai apokl�nei gia jxj > R: H per�ptwsh x = R,prèpei na exetaste� idia�tera. O arijmì
 R lègetai akt�na sÔgklish
 th
 dunamoseir�
. A
doÔme merik� parade�gmata.1) Gia thn pio p�nw dunamoseir�, X xn=n!, br�skoumeR = limn!1 ���� anan+1 ���� = limn!1 1n!1(n+1)! = limn!1(n + 1) =1;dhlad  h dunamoseir� aut  sugkl�nei gia k�je x 2 (�1;+1).2) 'Omoia mporoÔme na de�xoume ìti oi dunamoseirè
x� x33! + x55! � x77! + :::; 1� x22! + x44! � x66! + :::;sugkl�noun gia k�je x 2 R.� Poi� e�nai h akt�na sÔgklish
 twn dunamoseir¸n1Xn=1 xnn ; 1Xn=1 (�1)n�1 xnn2 ; 1Xn=0 nxn:Idia�terh shmas�a èqoun oi seirè
 Taylor, dhlad  dunamoseirè
 th
 morf 
1Xn=0 f (n) (0)n! xn = f (0) + f 0 (0) x+ f 00 (0)2! x2 + :::



3.3. DUNAMOSEIR�ES KAI SEIR�ES TAYLOR 51ìpou f e�nai mia sun�rthsh pou èqei parag¸gou
 k�je t�xh
. H seir� Taylor sugkl�nei, angia k�je x se k�poio di�sthma (�R;R), to upìloipo tou tÔpou tou Taylor mhden�zetai kaj¸
n!1. 'Etsi ja èqoume f (x) = 1Xn=0 f (n) (0)n! xn; x 2 (�R;R):(Gr�yete analutik� ta b mata th
 apìdeixh
).� Gia ìle
 ti
 sunart sei
 twn opo�wn e�qame gr�yei ton tÔpo tou Taylor (ekjetik ,hm�tono, sunhm�tono, logarijmik , 1=(1� x), p1 + x, klp), mporoÔme na de�xoume ìtilimRn (x) = 0, gia x se k�poio di�sthma (�R;R). (Parathre�ste ìti se ìle
 ti
peript¸sei
 h n-ost  par�gwgo
 e�nai fragmènh, dhl. up�rqei M > 0 : f (n) (x) � Mgia k�je n kai gia k�je x se k�poio di�sthma (�R;R)). Kat� sunèpeia, oi ant�stoiqe
seirè
 Taylor sugkl�noun sto (�R;R) kai anaparistoÔn ti
 sunart sei
 autè
.A
 upojèsoume t¸ra ìti èqoume mia sugkl�nousa dunamoseir� X anxn, me akt�na sÔ-gklish
 R. MporoÔme na antistoiq�soume se k�je x sto di�sthma (�R;R), ton arijmìX anxn, me �lla lìgia, h dunamoseir� or�zei mia sun�rthsh f me tÔpof (x) =X anxn; x 2 (�R;R):Pìso kalè
 idiìthte
 èqei mia sun�rthsh orismènh mèsw dunamoseir�
? ApodeiknÔetai ìtisto di�sthma (�R;R), h sun�rthsh aut  e�nai oloklhr¸simh, suneq 
 kai paragwg�simh.Akribèstera,An f (x) =X anxn; x 2 (�R;R), tìte gia x sto di�sthma (�R;R) isqÔoun:Z f (x) dx = X anxn+1n+ 1 + C;f 0 (x) = Xnanxn�1:Dhlad  mporoÔme na paragwg�soume kai na oloklhr¸soume mia dunamoseir� ìro pro
 ìro(sto di�sthma pou aut  sugkl�nei, dhl gia jxj mikrìtero th
 akt�na
 sÔgklish
).Gia par�deigma, h seir� 1� x22! + x44! � x66! + ::: = 
os x;e�nai h par�gwgo
 th
 seir�
 x� x33! + x55! � x77! + ::: = sin x;



52 KEF�ALAIO 3. PROSEGGISEISen¸ hXxn=n! e�nai h par�gwgo
 tou eautoÔ th
.To parap�nw je¸rhma epitrèpei na broÔme th seir� Taylor mia
 sun�rthsh
 me apl olokl rwsh   parag¸gish th
 seir�
 mia
 �llh
 gnwst 
 sun�rthsh
. A
 doÔme merikè
efarmogè
.Gia thn f(t) = 1=(1 + t), t 2 (�1; 1), gnwr�zoume ìti h seir� Taylor e�nai1� t + t2 � t3 + :::Oloklhr¸nonta
 èqoumeZ x0 dt1 + t = Z x0 �1� t+ t2 � t3 + :::� dt ) ln (1 + x) = x� x22 + x33 � x44 + :::'Omoia, me olokl rwsh th
11 + t2 = 1� t2 + t4 � t6 + :::; t 2 (�1; 1)pa�rnoume thn seir� Taylor th
 ar
tan,ar
tan x = Z x0 dt1 + t2 = x� x33 + x55 � x77 + :::; x 2 (�1; 1) :JewroÔme th sun�rthsh f pou gia x 2 (�1; 1) or�zetai w
f (x) = x22 � x33:2 + x44:3 � x55:4 + :::Paragwg�zonta
 èqoume f 0 (x) = x� x22 + x33 � x44 + :::�ra f(x) = (x+ 1)[ln(1 + x)� 1℄.IdoÔ mia er¸thsh pou ja trìmaze kai ton pio qalkèntero l�trh twn pr�xewn: D�netai hsun�rthsh f (x) = 8<: sin xx x 6= 01 x = 0 :Poia e�nai h 7h par�gwgo
 th
 sto 0? Gr�fonta
 th seir� Taylor th
 f ,sinxx = 1� x23! + x45! � x67! + x89! � :::blèpoume amèsw
 ìti f (7) (0) = 0.� De�xte ìti sinhx = 1Xn=0 x2n+1(2n + 1)! ; 
osh x = 1Xn=0 x2n(2n)! :



3.3. DUNAMOSEIR�ES KAI SEIR�ES TAYLOR 53� Upolog�ste to �jroisma f(x)th
 seir�
1Xn=1 (�1)n�1 nxn�1(Upod. H morf  k�je ìrou dhl¸nei ìti h f èqei proèljei apì parag¸gish k�poia
dunamoseir�
. Oloklhr¸ste loipìn thn f apì 0 mèqri x).Mia apì ti
 shmantikìtere
 seirè
 Taylor e�nai h diwnumik  seir�. Gia th sun�rthshf(x) = (1 + x)p ìpou p 2 R kai x 2 (�1; 1), èqoume diadoqik�f 0(x) = p(1 + x)p�1 �ra f 0(0) = pf 00(x) = p(p� 1)(1 + x)p�2 �ra f 00(0) = p(p� 1)f 000(x) = p(p� 1)(p� 2)(1 + x)p�3 �ra f 000(0) = p(p� 1)(p� 2), klp. ApodeiknÔetai ìtito upìloipo Taylor, Rn(x); te�nei sto 0 ìtan n!1, �ra h seir� Taylor th
 f e�nai(1 + x)p = 1 + px + p (p� 1)2! x2 + p (p� 1) (p� 2)3! x3 + ::: � 1Xn=00� pn 1A xnìpou o diwnumikì
 suntelest 
 or�zetai gia k�je p 2 R w
0� pn 1A = p (p� 1) (p� 2) ::: (p� n+ 1)n! ; 0� p0 1A = 1An p e�nai jetikì
 akèraio
, tìte pa�rnoume to diwnumikì je¸rhma th
 �lgebra
. ('Otan ton ft�sei sthn tim  p+1, o diwnumikì
 suntelest 
 mhden�zetai, opìte h seir� \termat�zei".Sth sunèqeia, jètonta
 x = b=a, èqoume to diwnumikì je¸rhma sthn oike�a tou morf ).� Analìgw
 th
 tim 
 tou p mporoÔme na p�roume di�fore
 seirè
 Taylor. Gia par�-deigma, jèsete p = �1 kai ja bre�te amèsw
 to an�ptugma se seir� th
 1=(1 + x)(gewmetrik ). Me parìmoio trìpo bre�te th seir� Taylor th
 p1 + x.H ax�a th
 diwnumik 
 seir�
 den ègkeitai sto ìti parèqei th seir� Taylor gnwst¸n su-nart sewn me kat�llhlh eklog  tou p. Up�rqoun peript¸sei
 pou o upologismì
 twn pa-rag¸gwn sto 0 e�nai ep�pono
 kai h eÔresh tou genikoÔ tÔpou gia th n-ost  par�gwgo sto0 sqedìn adÔnato
. Gia par�deigma, an jèsoume x = �t2 kai p = �1=2, ja èqoume giat 2 (�1; 1), 1p1� t2 = 1 + 12t2 + 1:32:4t4 + 1:3:52:4:6t6 + :::kai oloklhr¸nonta
ar
sinx = Z x0 dtp1� t2 = x + 12 x33 + 1:32:4 x55 + 1:3:52:4:6 x77 + :::



54 KEF�ALAIO 3. PROSEGGISEIS� Gr�yte tou
 trei
 pr¸tou
 ìrou
 twn seir¸n Taylor twn sunart sewn1(1 + x)2 ; 1(1 + x)3(Peript¸sei
 diwnumik 
   paragwg�ste thn 1=(1 + x)).p1� x; 1p1� xE�nai pijanì na èqei dhmiourghje� h entÔpwsh ìti oi seirè
Taylor e�nai mia eidik  per�ptwshdunamoseir¸n me an = f (n) (0) =n! gia k�poia f . Sthn pragmatikìthta k�je sugkl�nousadunamoseir� e�nai mia seir� Taylor. H apìdeixh e�nai apl . Jewre�ste th dunamoseir�f (x) =X anxnkai upolog�ste diadoqik� ti
 pr¸te
 k parag¸gou
. EÔkola prokÔptei ìti f (k) (0) = k!ak;dhlad  ak = f (k) (0)k! :Duo lìgia gia dunamoseirè
 me kèntro k�poion arijmì a di�foro tou mhdenì
. Autè
èqoun th morf  1Xn=0 an (x� a)n :IsqÔoun oi �die
 prot�sei
 pou gnwr�same gia ti
 dunamoseirè
 me kèntro to 0 me k�poie
profane�
 tropopoi sei
, p.q. an h akt�na sÔgklish
 e�nai R, tìte h seir� sugkl�nei stodi�sthma (a � R; a + R). H seir� Taylor mia
 sun�rthsh
 f (pou èqei parag¸gou
 k�jet�xh
 kai to upìloipo Rn (x)! 0 ìtan n!1) gr�fetaif (x) = f (a) + f 0 (a) (x� a) + f 00 (a)2! (x� a)2 + :::3.4 Efarmogè
 sth Fusik .1. H allhlep�drash duo atìmwn perigr�fetai apì to di�gramma enèrgeia
 se sun�rthsh methn apìstash. 'Otan ta �toma e�nai apomakrusmèna h dunamik  tou
 enèrgeia e�nai amelhtèa.'Otan ìmw
 plhsi�soun polÔ, h apwstik  dÔnamh twn hlektronik¸n tou
 nef¸n k�nei thmetaxÔ tou
 enèrgeia polÔ meg�lh. Se k�poia orismènh apìstash a, h dunamik  enèrgeiae�nai el�qisth, kai an to phg�di tou dunamikoÔ e�nai bajÔ, e�nai dunatì
 o sqhmatismì
mor�ou. An�logo e�nai kai to di�gramma enèrgeia
 metaxÔ duo mor�wn pou allhlepidroÔn me



3.4. EFARMOG�ES STH FUSIK�H. 55

PSfrag repla
ements
U (x) xa

dun�mei
 van-der Waals. AnaptÔssonta
 thn dunamik  enèrgeia U se seir� Taylor gÔrw stoa, ja èqoume U (x) = U (a) + U 0 (a) (x� a) + U 00 (a)2 (x� a)2 + :::O ìro
 U(a) e�nai stajer  posìthta kai kajor�zei to ep�pedo anafor�
 gia th mètrhshth
 dunamik 
 enèrgeia
. Mpore� loipìn na lhfje� �so
 me 0 (ìpw
 gia par�deigma jewroÔmeìti h dunamik  enèrgeia enì
 s¸mato
 sthn epif�neia th
 gh
 e�nai 0). O deÔtero
 ìro
e�nai 0 diìti to a e�nai shme�o akrot�tou th
 sun�rthsh
, �ra U 0(a) = 0. O epìmeno
 ìro
,de�qnei ìti h dunamik  enèrgeia kont� sto a, e�nai proseggistik� h enèrgeia enì
 armonikoÔtalantwt , dhlad  U (x) ' 12k (x� a)2me to kèntro th
 dÔnamh
 sto shme�o a. To apotèlesma autì e�nai shmantikì gia duo lìgou
:Pr¸ton, h morf  th
 sun�rthsh
 U(x) e�nai poiotik� �dia gia ìla ta �toma, kat� sunèpeiah sumperifor� th
 kont� sto shme�o elaq�stou, e�nai �dia gia ìla ta �toma. DeÔteron, hprosèggish tou dunamikoÔ kont� sto a me tetragwnikì dunamikì, de�qnei ìti ta �toma enì
diatomikoÔ mor�ou talanteÔontai me suqnìthta pou exart�tai apì thn deÔterh par�gwgoU 00(a), dhlad  th \stajer  k tou elathr�ou". An gnwr�zoume to f�sma aporrìfhsh
 touaer�ou, bg�zoume qr sime
 plhrofor�e
 gia th morf  th
 sun�rthsh
 U(x) kont� sto a.2. 'Ena hlektrikì d�polo apotele�tai apì duo fort�a Q kai �Q pou apèqoun apìstashd. H èntash E tou hlektrikoÔ ped�ou sthn euje�a tou dipìlou kai se apìstash r � d, e�naiantistrìfw
 an�logh tou kÔbou th
 apìstash
 r.



56 KEF�ALAIO 3. PROSEGGISEISPr�gmati, h èntash (se kat�llhlo sÔsthma mon�dwn) d�netai apì th sqèshE = Qr2 + �Q(r + d)2 :Epeid  d=r < 1, èqoume (diwnumik )1(r + d)2 = 1r2 (1 + d=r)2 = 1r2 �1� 2dr + 3d2r2 � 4d3r3 + :::�'Ara h èntash E gr�fetaiE = Qr2 �1� �1� 2dr + 3d2r2 � 4d3r3 + :::�� = Qr2 �2dr � 3d2r2 + 4d3r3 � :::� :Parale�ponta
 an¸tere
 dun�mei
 tou d=r, èqoumeE ' 2Qdr3 :Se bibl�o Fusik 
, ja blèpate thn ex 
 parous�ash: \Se prosèggish pr¸th
 t�xh
",  \Epeid  d=r e�nai mikrì, oi ìroi me dun�mei
 tou d=r e�nai amelhtèoi, �ra"1r2 �1 + dr��2 = 1r2 �1� 2dr + terms in d2r2� :Sunoy�zoume thn orolog�a. Upojètoume ìti h f : R ! R èqei parag¸gou
 k�je t�xh
.1. Polu¸numo Taylor n bajmoÔ th
 f gÔrw apì to 0:Pn (x) = f (0) + f 0 (0)x + f 00 (0)2! x2 + ::: + f (n) (0)n! xn:2. Seir� Taylor th
 f gÔrw apì to 0:f (0) + f 0 (0)x + f 00 (0)2! x2 + ::: = 1Xk=0 f (k) (0)k! xk:3. Prossèggish th
 f me polu¸numof (x) � f (0) + f 0 (0) x+ f 00 (0)2! x2 + :::+ f (n) (0)n! xn:4. Je¸rhma Taylor (blèpe kef. 3). 'Alloi trìpoi graf 
:f (x+ h) = f (x) + f 0 (x) h+R1 (x; h) ; me limh!0 R1 (x; h)h = 0;f (x +�x) � f (x) + f 0 (x)�x;f (x +�x) = f (x) + f 0 (x)�x +O ��x2� ;f (x +�x) = f (x) + f 0 (x)�x +O (2) :



Kef�laio 4
DIANUSMATIKH ANALUSH
4.1 O dianusmatikì
 q¸ro
 R 3E�nai gnwstì ìti ta shme�a tou epipèdou mporoÔn na parastajoÔn w
 diatetetagmèna zeÔgharijm¸n. An jewr soume to di�nusma u me arq  thn arq  O twn axìnwn kai tèlo
 to shme�o(u1; u2), parathroÔme ìti se k�je shme�o tou epipèdou, antistoiqe� èna di�nusma. Ja lème ìtioi suntetagmène
 tou dianÔsmato
 u e�nai oi arijmo� u1 kai u2 kai ja gr�foume u = (u1; u2)  u = u1i+ u2j, ìpou i kai j e�nai ta monadia�a dianÔsmata kat� m ko
 twn axìnwn x kai yant�stoiqa, dhlad  i = (1; 0) kai j = (0; 1).Me ìmoio trìpo ta shme�a tou q¸rou parist�nontai apì diatetetagmène
 tri�de
 arijm¸n(u1; u2; u3). To di�nusma u me arq  thn arq  O twn axìnwn kai tèlo
 to shme�o (u1; u2; u3)gr�fetai w
 u = (u1; u2; u3);   w
 u = u1i+ u2j+ u3k;ìpou i; j;k e�nai ta monadia�a dianÔsmata i = (1; 0; 0); j = (0; 1; 0); k = (0; 0; 1). Oi arijmo�u1; u2; u3 lègontai suntetagmène
 tou dianÔsmato
 u.To sÔnolo twn diatetagmènwn zeug¸n (u1; u2) me u1; u2 2 R, e�nai to kartesianì ginìmenoR � R kai sumbol�zetai me R2 . 'Omoia to sÔnolo twn diatetagmènwn tri�dwn (u1; u2; u3)pragmatik¸n arijm¸n, dhlad  to kartesianì ginìmeno R � R � R, sumbol�zetai me R3 . DuodianÔsmata u;v 2 R3 e�nai �sa, an èqoun ti
 �die
 suntetagmène
. To mhdenikì di�nusma, 0,èqei mhdenikè
 suntetagmène
, 0 = (0; 0; 0). 'Ajroisma twn dianusm�twn u = (u1; u2; u3) kaiv = (v1; v2; v3), or�zetai w
 u+ v = (u1 + v1; u2 + v2; u3 + v3):Pollaplasiasmì
 me bajmwtì � 2 R, or�zetai w
�u = (�u1; �u2; �u3):57
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PSfrag repla
ements uu1 u2
u3

Me ti
 duo autè
 pr�xei
, to sÔnolo R3 apokt� thn algebrik  dom  enì
 dianusmatikoÔq¸rou, èqei dhlad  ti
 akìlouje
 idiìthte
. (Me x;y; z sumbol�zoume stoiqe�a tou R3 kaime �; � pragmatikoÔ
 arijmoÔ
).DQ 1 An x kai y an koun sto R3 tìte kai x+ y an kei ep�sh
 sto R3 .DQ 2 Gia ìla ta stoiqe�a x;y tou R3 isqÔei x + y = y + x.DQ 3 �x an kei sto R3 .DQ 4 (x + y) + z = x+ (y + z).DQ 5 Up�rqei èna stoiqe�o tou R3 pou sumbol�zetai me 0 tètoio ¸ste gia k�je stoiqe�ox tou R3 na isqÔei x+ 0 = x.DQ 6 Gia k�je x sto R3 up�rqei èna stoiqe�o �x tètoio ¸ste x+ (�x) = 0.DQ 7 �(x + y) = �x + �y.DQ 8 (�+ �)x = �x + �x.DQ 9 (��)x = �(�x).DQ 10 1x = x. (1 e�nai o arijmì
 1).4.2 Eswterikì ginìmenoH ènnoia tou eswterikoÔ ginomènou dianusm�twn tou epipèdou, metafèretai ab�asta kai sedianÔsmata tou q¸rou. 'Etsi, an u = (u1; u2; u3) kai v = (v1; v2; v3) e�nai stoiqe�a tou R3 ,to eswterikì ginìmeno u:v, e�nai o pragmatikì
 arijmì
u:v = u1v1 + u2v2 + u3v3:



4.2. ESWTERIK�O GIN�OMENO 59Apì ton orismì, prokÔptoun amèsw
 oi idiìthte
 tou eswterikoÔ ginomènou (k�nete èlegqo):An u;v;w e�nai stoiqe�a tou R3 kai me � e�nai pragmatikì
 arijmì
 tìteEG 1 u:u � 0; kai u:u = 0 an kai mìno an u = 0.EG 2 u:v = v:u:EG 3 (�u):v = �(u:v).EG 4 u:(v +w) = u:v + u:wTo eswterikì ginìmeno u:u = u21 + u22 + u23 èqei �mesh gewmetrik  ermhne�a giat� sqe-t�zetai me to m ko
 (  mètro) tou dianÔsmato
 u, pou e�nai pu21 + u22 + u23. To m ko
 toudianÔsmato
 u sumbol�zetai me juj kai onom�zetai norm tou u. 'Etsi èqoumejuj = pu:u =qu21 + u22 + u23:Oi majhmatiko� sumbol�zoun suqn� me kuk th norm tou u; kai oi fusiko� apl� me u:

� De�xte ìti i:i = j:j = k:k = 1 kai i:j = i:k = j:k = 0. Kat� sunèpeia ta i; j;k e�naiamoiba�w
 k�jeta kai èqoun norm 1, gi' autì lègontai orjokanonik� dianÔsmata.� Sto sq ma fa�netai ìti to di�nusma b � a e�nai par�llhlo kai �sou m kou
 me toeujÔgrammo tm ma apì to �kro tou b sto �kro tou a. Kat� sunèpeia, h apìstash apìto �kro tou b sto �kro tou a e�nai jb� aj. Poia e�nai h apìstash tou i apì to j?Je¸rhma 1. An � e�nai h gwn�a pou sqhmat�zoun ta dianÔsmata u kai v tou R3 (0 �� � �), tìte u:v = juj jvj 
os �:Apìdeixh. Apì to nìmo tou sunhmitìnou èqoumeju� vj2 = juj2 + jvj2 � 2 juj jvj 
os �:



60 KEF�ALAIO 4. DIANUSMATIKH ANALUSHTo pr¸to mèlo
 gr�fetai (u� v) : (u� v) = juj2 + jvj2 � 2u:v;opìte prokÔptei amèsw
 h apodeiktèa.To je¸rhma autì sundèei ton stoiqei¸dh orismì tou eswterikoÔ ginomènou pou parèqetaisth mèsh ekpa�deush me ton dikì ma
 orismì. Parathre�ste ìti gia thn apìdeixh qrhsimo-poi same mìno ti
 idiìthte
 tou eswterikoÔ ginomènou. Akìma, to je¸rhma autì kajist�eÔlogo ton orismì: DÔo mh mhdenik� dianÔsmata e�nai k�jeta an to eswterikì tou
 ginìmenoe�nai mhdèn. Ja gr�foume u?v an u:v = 0:� Poi� gwn�a sqhmat�zoun ta dianÔsmata i+ j+ k kai i+ j� k?Pìrisma 1 (Je¸rhma tou Pujagìra). An u kai v e�nai k�jeta, tìteju+ vj2 = juj2 + jvj2 :Apìdeixh. ju+ vj2 = (u + v) : (u + v) = juj2 + jvj2 + 2u:v = juj2 + jvj2 ; diìti u:v = 0:Pìrisma 2 (Anisìthta S
hwarz). Gia ìla ta dianÔsmata u kai v tou R3 isqÔeiju:vj � kuk kvk ;me isìthta mìno an èna apì aut� e�nai mhdèn,   an to èna e�nai pollapl�sio tou �llou.(Parathr ste ìti ed¸ sumbol�same me k:k th norm, dojènto
 ìti sto pr¸to mèlo
 emfa-n�zetai h apìluth tim  tou eswterikoÔ ginomènou).Apìdeixh. An èna apì ta dianÔsmata e�nai mhdèn, tìte isqÔei h isìthta 0 = 0. An u = �vtìte � = 0   �, opìte isqÔei p�li isìthta diìti j
os �j = 1. An to èna den e�nai pollapl�siotou �llou, tìte j
os �j < 1.Pìrisma 3 (Trigwnik  anisìthta). Gia ìla ta dianÔsmata u kai v tou R3 isqÔeiju+ vj � juj+ jvj :Apìdeixh. IsqÔeiju + vj2 = juj2 + jvj2 + 2u:v � juj2 + jvj2 + 2 ju:vjkai apì thn anisìthta S
hwarz èqoume ìtijuj2 + jvj2 + 2 ju:vj � juj2 + jvj2 + 2 juj jvj = (juj+ jvj)2 ;



4.2. ESWTERIK�O GIN�OMENO 61epomènw
 ju+ vj2 � (juj+ jvj)2 :Epeid  kai oi duo parast�sei
 pou e�nai uywmène
 sto tetr�gwno e�nai mh arnhtikè
, pro-kÔptei amèsw
 h trigwnik  anisìthta. (Pro
 el�frunsh tou sumbolismoÔ apofeÔgoume nasumbol�soume me k:k th norm. Shmei¸noume p�li th diaforetik  shmas�a tou sumbìlou j:jsti
 parast�sei
 ju:vj kai juj jvj :)Parat rhsh. Ta orjokanonik� dianÔsmata i; j;k par�goun to q¸ro R3 , me thn ènnoiaìti k�je di�nusma u gr�fetai me monadikì trìpo w
 grammikì
 sunduasmì
 twn i; j;k, dhlad u = u1i+ u2j+ u3kLème ìti ta i; j;k apoteloÔn mia orjokanonik  b�sh tou q¸rou. Oi suntetagmène
 u1; u2; u3ekfr�zontai me th bo jeia tou eswterikoÔ ginomènou tou dianÔsmato
 u me ta stoiqe�a th
b�sh
. Pr�gmati, u1 = u:idiìti i:j = i:k = 0 kai ìmoia u2 = u:j; u3 = u:k. Sumpera�noume ìti se q¸ro me eswterikìginìmeno oi suntetagmène
 u1; u2; u3 e�nai oi sunist¸se
 tou dianÔsmato
 u kat� m ko
 twndianusm�twn th
 b�sh
.Genikìtera, tr�a (mh mhdenik�) amoiba�w
 k�jeta dianÔsmata e1; e2; e3 par�goun to q¸roR3 , me thn ènnoia ìti k�je di�nusma u gr�fetai me monadikì trìpo w
 grammikì
 sunduasmì
twn e1; e2; e3, dhlad  u = a1e1 + a2e2 + a3e3:Lème ìti ta e1; e2; e3 apoteloÔn mia orjog¸nia b�sh tou q¸rou (ìqi orjokanonik , ektì
 anta e1; e2; e3 èqoun norm �sh me 1). Oi sunist¸se
 a1; a2; a3 kat� m ko
 twn dianusm�twne1; e2; e3 ekfr�zontai kai p�li me th bo jeia tou eswterikoÔ ginomènou tou dianÔsmato
 u meta stoiqe�a th
 b�sh
. Pr�gmati, pa�rnonta
 to eswterikì ginìmeno tou u me to e1 èqoumeu:e1 = (a1e1 + a2e2 + a3e3) :e1 = a1e1:e1 + a2e2:e1 + a3e3:e1 = a1e1:e1;�ra a1 = u:e1je1j2 ; a2 = u:e2je2j2 ; a3 = u:e3je3j2 :Epanalamb�noume loipìn ìti gia tuqìnta dianÔsmata u kai e; o arijmì

 = u:ejej2lègetai sunist¸sa tou u kat� m ko
 tou e kai to di�nusma 
e, lègetai probol  tou u p�nwsto e.



62 KEF�ALAIO 4. DIANUSMATIKH ANALUSH4.3 Exwterikì ginìmenoTo exwterikì   dianusmatikì ginìmeno duo dianusm�twn tou R3 ; a = (a1; a2; a3) kai b =(b1; b2; b3), or�zetai w
a� b = (a2b3 � a3b2) i+ (a3b1 � a1b3) j+ (a1b2 � a2b1)k;  sumbolik� a� b = �������� i j ka1 a2 a3b1 b3 b3 �������� :Apì ton orismì prokÔptoun amèsw
 oi akìlouje
 idiìthte
. (W
 sun jw
 a;b; 
 sumbo-l�zoun stoiqe�a tou R3 kai �; � pragmatikoÔ
 arijmoÔ
).(1) a� b = �b� a(2) a� (b+ 
) = a� b + a� 
; (�a)� b = � (a� b) :Sunep¸
 èqoume a� a = 0, gia k�je di�nusma a lìgw th
 (1). Akìma,i� j = k; k� i = j; j� k = i:A
 exet�soume t¸ra to eswterikì ginìmeno tou 
 me to a� b. EÔkola br�skoume
: (a� b) = �������� 
1 
2 
3a1 a2 a3b1 b3 b3 �������� :Apì ti
 idiìthte
 twn orizous¸n sumpera�noume ìti a: (a� b) = 0 kai b: (a� b) = 0, pr�gmapou shma�nei ìti to exwterikì ginìmeno a � b e�nai k�jeto kai sto a kai sto b, �ra e�naik�jeto sto ep�pedo pou or�zoun ta a kai b. Poio e�nai to mètro tou exwterikoÔ ginomènou duodianusm�twn a kai b? 'Eqoumeja� bj2 = ������ a2 a3b3 b3 ������2 + ������ a3 a1b3 b1 ������2 + ������ a1 a2b1 b3 ������2 :EkteloÔme ti
 pr�xei
 kai br�skoumeja� bj2 = �a21 + a22 + a23� �b21 + b22 + b23�� (a1b1 + a2b2 + a3b3)2= jaj2 jbj2 � (a:b)2 = jaj2 jbj2 � jaj2 jbj2 
os2 �;�ra ja� bj = jaj jbj jsin �j :
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Sunoy�zonta
: To exwterikì ginìmeno a�b e�nai k�jeto sto ep�pedo pou or�zoun ta a kai bkai to mètro tou e�nai jaj jbj jsin �j : H for� tou br�sketai apì ton kanìna tou dexioÔ qerioÔ.� a) De�xte ìti an a = �b+ �
, tìte a:(b� 
) = 0.� b) De�xte ìti to ginìmeno a:(b� 
) paramènei anallo�wto se kuklik  enallag  twna;b; 
.� g) De�xte ti
 parak�tw idiìthte
 tou triploÔ dianusmatikoÔ ginomènou:a�(b� 
) = (a:
)b� (a:b)
;a�(b� 
) + 
�(a� b) + b�(
� a) = 0:� d) De�xte ìti (a� b):(
� d) = (a:
)(b:d)� (a:d)(b:
):� e) De�xte ìti to mètro tou exwterikoÔ ginomènou, ja� bj ; parist�nei to embadì touparallhlogr�mmou me pleurè
 ta dianÔsmata a kai b. H apìluth tim  tou a:(b� 
)parist�nei ton ìgko tou parallhlepipèdou me akmè
 ta dianÔsmata a;b kai 
.� st) Bre�te èna monadia�o di�nusma, orjog¸nio pro
 ta dianÔsmata i+ j kai j+ k.� Exhge�ste giat� oi parak�tw parast�sei
 e�nai asafe�
   esfalmène
a� b� 
; ab; a:(b:
); a� (b:
); a:b:
; a + a:
; a:b + b� 
:Ja telei¸soume me thn perigraf  tou epipèdou me ti
 dianusmatikè
 teqnikè
 pou mèqrit¸ra anaptÔxame. H ex�swsh euje�a
 sto ep�pedo e�nai Ax + By + D = 0. GenikeÔonta
,se trei
 diast�sei
, h ex�swsh Ax + By + Cz + D = 0 ja parist�nei ep�pedo. Gia na tode�xoume, a
 jewr soume èna ep�pedo � pou pern� apì to shme�o a = (a1; a2; a3) kai èstw



64 KEF�ALAIO 4. DIANUSMATIKH ANALUSHN = (A;B;C) èna di�nusma k�jeto sto ep�pedo �. 'Ena shme�o r = (x; y; z) an kei stoep�pedo, an to di�nusma r� a e�nai k�jeto sto N (k�nete sq ma), dhlad  an(r� a) :N = 0;  r:N = a:N; isodÔnama an Ax +By + Cz = Aa1 +Ba2 + Ca3:Epeid  to deÔtero mèlo
 th
 ex�swsh
 aut 
 e�nai stajerì, èstw �D, katal goume sthnex�swsh tou epipèdou Ax +By + Cz +D = 0:� Gia par�deigma, h ex�swsh tou epipèdou pou perièqei to shme�o (1; 0; 0) kai e�nai k�jetosto i+ j+ k d�netai apì thn ex�swsh x+ y + z = 1.4.4 O dianusmatikì
 q¸ro
 RnTo sÔnolo twn diatetagmènwn n-�dwn pragmatik¸n arijm¸n (x1; : : : ; xn) sumbol�zetai meRn kai lègetai n-di�stato
 Eukle�deio
 q¸ro
. Ta stoiqe�a tou x = (x1; : : : ; xn) lègontaishme�a tou Rn ,   n-dianÔsmata. 'Opw
 kai sthn per�ptwsh tou tridi�statou Eukle�deiouq¸rou, or�zoume �jroisma twn dianusm�twn x = (x1; : : : ; xn) kai y = (y1; : : : ; yn)x+ y = (x1 + y1; : : : ; xn + yn);kai pollaplasiasmì me bajmwtì � �x = (�x1; : : : ; �xn):Me ti
 duo autè
 pr�xei
, to sÔnolo Rn apokt� thn algebrik  dom  enì
 dianusmatikoÔq¸rou, èqei dhlad  ti
 idiìthte
 DQ1 èw
 DQ10. Ta n dianÔsmata e1 = (1; 0; : : : ; 0), e2 =(0; 1; : : : ; 0); : : : ; en = (0; 0; : : : ; 1), lègontai sun jh dianÔsmata b�sh
, kai k�je di�nusmax 2 Rn , mpore� na grafe� w
 grammikì
 sunduasmì
 tou
,x = x1e1 + : : :+ xnen:H ènnoia tou eswterikoÔ ginomènou dianusm�twn epekte�netai ab�asta kai ston n-di�statoEukle�deio q¸ro. 'Etsi, an x = (x1; : : : ; xn) kai y = (y1; : : : ; yn) e�nai stoiqe�a tou Rn , toeswterikì ginìmeno x:y (  hx;yi ) e�nai o pragmatikì
 arijmì
x:y = x1y1 + : : :+ xnyn:



4.4. O DIANUSMATIK�OS Q�WROS RN 65Apì ton orismì, prokÔptoun amèsw
 oi idiìthte
 tou eswterikoÔ ginomènou EG1 � EG4 (k�-nete èlegqo).To eswterikì ginìmeno epitrèpei na or�soume norm enì
 n-dianÔsmato
 xjxj = px:x =qx21 + : : :+ x2n:Je¸rhma 2. (Anisìthta Cau
hy-S
hwarz) Gia ìla ta dianÔsmata x kai y tou RnisqÔei jx:yj � kxk kyk ;me isìthta mìno an èna apì aut� e�nai mhdèn,   an to èna e�nai pollapl�sio tou �llou.Apìdeixh. Jètoume � = x:y kai � = �y:y. Lìgw th
 jetikìthta
 tou eswterikoÔginomènou ja èqoume0 � (�x+ �y) : (�x+ �y) = �2x:x+�2y:y + 2��x:y:Antikajist¸nta
 ti
 timè
 twn � kai �,0 � (y:y)2 (x:x)+ (x:y)2 (y:y)� 2 (x:y)2 (y:y) :An y = 0, to je¸rhma e�nai profanè
. An y 6= 0, mporoÔme na diairèsoume me y:y, opìtebr�skoume 0 � (y:y) (x:x)� (x:y)2kai pa�rnonta
 rizik� prokÔptei h zhtoÔmenh anisìthta.� W
 sunèpeia mporoÔme na de�xoume ìti h norm, èqei ti
 ex 
 idiìthte
:N1 8x 2 Rn jxj � 0 kai jxj = 0 ann x = 0N2 8x 2 Rn kai � 2 R j�xj = j�j jxjN3 8x;y 2 Rn jx + yj � jxj+ jyjPoia e�nai h shmas�a th
 norm? Efodi�zei ton Rn me mia apìstash: H apìstash twnshme�wn x;y 2 Rn e�nai o arijmì
 jx� yj. H apìstash me th seir� th
, epitrèpei na poÔmepìte duo shme�a x;y e�nai \kont�", me �lla lìgia epitrèpei na or�soume ìrio, sunèqeia,par�gwgo klp. 'Etsi oi algebrikè
 idiìthte
 tou Rn (dianusmatikì
 q¸ro
) se sunduasmìme thn ènnoia th
 apìstash
, epitrèpoun na anaptÔxoume ton apeirostikì logismì tou Rn .



66 KEF�ALAIO 4. DIANUSMATIKH ANALUSH4.5 Dianusmatikè
 sunart sei
 mia
 metablht 
JewroÔme èna swmat�dio pou kine�tai sto ep�pedo ìpou èqoume or�sei èna sÔsthma sunte-tagmènwn. Th stigm  t; èstw x(t) kai y(t) oi apomakrÔnsei
 tou swmatid�ou apì thn arq (0; 0) stou
 ant�stoiqou
 �xone
. To zeÔgo
 twn sunart sewn (x(t); y(t)) apotele� thn pa-rametrik  anapar�stash th
 troqi�
 tou swmatid�ou. Me �lla lìgia, to di�nusma jèsh
, r;tou kinhtoÔ th stigm  t; ja gr�fetair(t) = (x(t); y(t));   r(t) = x(t)i+ y(t)j; t 2 [t1; t2℄ :Genik¸
 sunart sei
 tou tÔpou r : I ! Rn ìpou I e�nai k�poio di�sthma pragmatik¸narijm¸n kai n = 2; 3 onom�zontai kampÔle
 sto ep�pedo   ston tridi�stato q¸ro.Parade�gmata A An t 2 R kai a;v 2 R3 stajer� dianÔsmata, tìte r(t) = a+ tv èqeiw
 eikìna thn euje�a pou pern� apì to shme�o a kai èqei th dieÔjunsh tou dianÔsmato
 v.B H kampÔlh r(t) = (x(t); y(t)) me x(t) = a 
os t kai y(t) = a sin t ìpou a > 0 kait 2 [0; 2�℄, e�nai parametrik  anapar�stash kÔklou kèntrou (0; 0) kai akt�na
 a. (Uy¸stesto tetr�gwno kai prosjèste kat� mèlh gia na peisje�te).G H kampÔlh r(t) = (x(t); y(t)) me x(t) = a 
os!t kai y(t) = a sin!t ìpou a > 0; ! < 0kai t 2 [0; 2�=!℄, e�nai parametrik  anapar�stash tou �diou kÔklou, all� to di�nusma jèsh
\kine�tai" me ant�jeto prosanatolismì kai diaforetik  taqÔthta.Apalo�fonta
 to qrìno sta dÔo teleuta�a parade�gmata, prokÔptei h algebrik  anapar�-stash tou kÔklou autoÔ, x2 + y2 = a2: Sumpera�noume ìti en¸ h h algebrik  anapar�stshe�nai monadik , m�a kampÔlh mpore� na èqei pollè
 parametrikè
 anaparast�sei
. Ti pari-st�nei h kampÔlh r(t) = (
os t2; sin t2), t 2 [0;p2�℄?D 'Estw f : R ! R, sun�rthsh mia
 metablht 
. To gr�fhma th
 e�nai mia kampÔlh Cpou algebrik� par�statai apì thn y = f (x) ; dhlad C = �(x; y) 2 R2 : y = f (x)	 :M�a parametrik  anapar�stash th
 C, e�nai x(t) = t kai y(t) = f (t) :E H kampÔlh r(t) = (x(t); y(t)) me x(t) = (v0 
os �) t kai y(t) = (v0 sin �) t � 12gt2 ìpouv0; g > 0 kai � 2 [0; �=2℄, e�nai parametrik  anapar�stash th
 troqi�
 bl mato
 pou b�lletaiupì gwn�a w
 pro
 ton or�zonta. Apalo�fonta
 to qrìno apì ti
 x(t) kai y(t) prokÔptei halgebrik  anapar�stash th
 troqi�
y = tan � x� g2v20 
os2 �x2;



4.5. DIANUSMATIK�ES SUNART�HSEIS MIAS METABLHT�HS 67pou e�nai parabol .ST H kampÔlh r(t) = (a 
os!t; a sin!t; vt), ìpou a; v; ! > 0; t 2 [0; 6�=!℄ e�nai parame-trik  anapar�stash èlika
 me stajerì b ma 2�v=!:Par�gwgo
 mia
 dianusmatik 
 sun�rthsh
 r : t 7! (x(t); y(t); z(t)) sto shme�o t e�nai todi�nusma drdt = lim�t!0 r (t+�t)� r (t)�t ;arke� fusik� na up�rqei to ìrio. (Gia kinoÔmena grafik�:http : ==www:usd:edu=~jf lores=MultiCal
02=WebBook=Chapter 14=Graphi
s=Chapter14 2=Hmtm14 2=14:2%20Derivatives%20and%20Integrals%20of%20V e
tor%20Fun
tions:htmEÔkola prokÔptei ìti sthn per�ptwsh aut  oi pragmatikè
 sunart sei
 x(t); y(t); z(t) e�naiparagwg�sime
 kai m�lista _r (t) � drdt = ( _x(t); _y(t); _z(t)):To di�nusma _r (t) e�nai par�llhlo sthn euje�a pou ef�ptetai sthn kampÔlh sto shme�o r (t).Gia par�deigma, èna swm�tio pou kine�tai sthn elikoeid  troqi� r(t) = (
os t; sin t; t),t 2 R, èqei taqÔthta v(t) = _r (t) = (� sin t; 
os t; 1) pou to mètro th
 e�nai jv(t)j = p2.Me an�logo trìpo or�zetai w
 epit�qunsh h deÔterh par�gwgo
, �r = d2r=dt2 = (�x(t); �y(t); �z(t))(ef' ìson oi sunart sei
 x(t); y(t) kai z(t) e�nai duo forè
 paragwg�sime
).Gia par�deigma, to di�nusma jèsh
 enì
 swmatid�ou pou ektele� omal  kuklik  k�nhsh(dialègoume sÔsthma axìnwn ¸ste to kèntro tou kÔklou na e�nai to shme�o (0; 0)), gr�fetair(t) = a 
os!t i+ a sin!t j; a; ! > 0:H taqÔthta ja e�nai loipìnv(t) = _r (t) = �!a sin!t i+ !a 
os!t j:To mètro th
 e�nai stajerì, jv(t)j = a!. H epit�qunshdvdt = !2a 
os!t i� !2r sin!t j = �!2r(t);e�nai ant�rroph th
 dianusmatik 
 akt�na
, kat� sunèpeia e�nai k�jeth sthn taqÔthta. (Geni-k�, an mia dianusmatik  sun�rthsh v èqei stajer  norm, tìte e�nai orjog¸nia sthn par�gwgoth
, _v. Apìdeixh: Paragwg�zonta
 thn jv(t)2j = v(t):v(t) = 
onst, èqoume 2 _v(t):v(t) = 0,o.e.d.)



68 KEF�ALAIO 4. DIANUSMATIKH ANALUSHTo ginìmeno pragmatik 
 sun�rthsh
 � ep� dianusmatik  sun�rthsh r e�nai mia nèa dia-nusmatik  sun�rthsh q = �r pou or�zetai w
, q(t) = �(t)r(t), t 2 R. H par�gwgo
 th
 qd�netai apì ton tÔpo _q(t) = _�(t)r(t) + �(t)_r(t): Me an�logo trìpo, gia duo dianusmatikè
sunart sei
 r kai p ddt (r:p) = _r:p + r: _p; ddt (r� p) = _r� p + r� _p:Ask sei
� 1. 'Estw a = i+ 2j+ k; b = 2i+ j; 
 = 3i� 4j� 5k: Bre�te ti
 probolè
 twn a kaib p�nw sto 
. Bre�te taa:(b� 
); (a� b):
; a� (b� 
); (a� b):(a� 
); (a� b)� (a� 
):2. Bre�te parametrikè
 anaparast�sei
 r(t) twn parak�tw kampul¸n: f(x; y) 2 R2 : y = exg ;euje�a pou pern� apì ta shme�a (1; 1; 1) kai (2; 3; 2), èlika akt�na
 2 kai b mato
1=3.3. Upolog�ste ta m kh twn kampul¸nr(t) = �2 
os t; 2 sin t;p3t� ; t 2 [0; 3�℄ ; r(t) = (t� sin t; 1� 
os t; 0) ; t 2 [0; 2�℄ :4. Duo dianÔsmata u1;u2 tou epipèdou or�zontai me polikè
 suntetagmène
 w
 (�1; r1)kai (�2; r2) : An to u1 + u2 = u or�zetai w
 (�; r) ; pw
 sundèontai ta (�; r) me ta(�1; r1) ; (�1; r1)?5. Gr�yte thn ex�swsh euje�a
 pou pern� apì to shme�o (0; 1; 2) kai èqei th dieÔjunshtou dianÔsmato
 v =(1; 1; 3) :6. An a;b 6= 0 kai a� b = 0, tìte a =�b; � 2 R:7. An a:b = 0 kai a� b = 0, tìte èna toul�qiston apì ta a;b e�nai mhdèn.8. 'Estw a =(2;�1; 2) kai b = (3; 4;�1) : Bre�te di�nusma 
 ¸ste a� 
 = b:9. An a;b; 
 e�nai grammik¸
 exarthmèna tìte a: (b� 
) = 0 kai ant�strofa.10. Bre�te èna monadia�o di�nusma k�jeto sta (1; 1; 1) kai (2; 3;�1) :11. Bre�te duo k�jeta dianÔsmata kai k�jeta sto (2; 3;�1) :12. Apode�xte thn tautìthta ka + bk2 � ka� bk2 = 4a:b: Gia poi� di�stash isqÔei?13. Upenjum�zoume ìti h ex�swsh tou epipèdou pou pern� apì to shmeio a kai e�naik�jeto sto di�nusma n gr�fetai (x� a) :n = 0:



4.6. P�INAKES, GRAMMIK�A SUST�HMATA, OR�IZOUSES 69'Ena ep�pedo èqei ex�swsh x + 2y � 2z + 7 = 0: Bre�te: a) èna monadia�o k�jetodi�nusma b) ta shme�a tom 
 me tou
 �xone
 g) thn apìstash tou epipèdou apìthn arq  d) ti
 suntetagmène
 tou shme�ou tou epipèdou pou èqei thn el�qisthapìstash apì th arq .14. Upenjum�zoume ìti h ex�swsh th
 euje�a
 pou pern� apì to shmeio a kai èqei thdieÔjunsh tou dianÔsmato
 u gr�fetair (t) = tu+ a:De�xte ìti aut  mpore� en gènei na grafe� w
 x�x0a = y�y0b = z�z0
 : Bre�te thnex�swsh th
 euje�a
 pou pern� apì to shmeio a kai e�nai k�jeth sto ep�pedo meex�swsh 4x� 3y + z = 5:15. Bre�te èna di�nusma k�jeto sto ep�pedo pou pern� apì ta shme�a (0; 2; 2) ; (2; 0;�1)kai (3; 4; 0) :16. Bre�te th dianusmatik  taqÔthta kai to mètro th
 sti
 parak�tw kampÔle
r (t) = t2i+ tj + k; r (t) = (a 
os t; b sin t; 0) ; r (t) = tu + a;ìpou a; b stajerè
 kai u; a stajer� dianÔsmata.4.6 P�nake
, Grammik� Sust mata, Or�zouse
'Ena
 m� n p�naka
 A, e�nai mia orjog¸nia di�taxh arijm¸n me m grammè
 kai n st le
A = 2666664 a:11 a12 ::: a1na21 a22 ::: a2n... ...am1 am2 ::: amn
3777775 :To stoiqe�o th
 i gramm 
 kai j st lh
 e�nai to aij. Pollè
 forè
 gia lìgou
 oikonom�a
gr�foume ton p�naka A w
A = (aij) ; i = 1; 2; :::; n; j = 1; 2; :::; m:H j-st lh sumbol�zetai me Aj kai sun jw
 lègetai di�nusma j-st lh
 (jewroÔmenh w
 miam-�da arijm¸n, e�nai èna stoiqe�o tou Rm),Aj = 2664 a1j...amj 3775 :



70 KEF�ALAIO 4. DIANUSMATIKH ANALUSH'Omoia h i-gramm  sumbol�zetai me Ai kai sun jw
 lègetai di�nusma i-gramm 
 (jewroÔmenhw
 mia n-�da arijm¸n, e�nai èna stoiqe�o tou Rn),Ai = (ai1; ai2; :::; ain) :Gia par�deigma, o p�naka
 A = 24 1 2 �10 3 1 35èqei w
 st le
 ta dianÔsmata 24 10 35 ;24 23 35 ;24 �11 35 :'Etsi, to di�nusma gramm 
 (x1; x2; :::; xn)e�nai èna
 1� n p�naka
 kai to di�nusma st lh
2664 x1...xm 3775e�nai èna
 m� 1 p�naka
.Profane�
 ènnoie
 e�nai oi akìlouje
. 'Ena
 p�naka
 lègetai tetragwnikì
 an m = n.'Ena
 p�naka
 lègetai mhdenikì
 an ìla ta stoiqe�a tou e�nai mhdèn. Sumbol�zetai me O. 'Ena
tetragwnikì
 p�naka
 lègetai diag¸nio
 an ìla ta stoiqe�a tou, ektì
 aut¸n th
 diagwn�outou e�nai mhdèn, A = 2666664 a:11 0 ::: 00 a22 ::: 0... . . . ...0 0 ::: ann
3777775 :Or�zoume �jroisma pin�kwn pou èqoun �dio mègejo
 me ton akìloujo trìpo. An A = (aij)kai B = (bij) e�nai duo m� n p�nake
, tìteA +B = (aij + bij) ; i = 1; :::; n; j = 1; :::; m:Gia par�deigma 24 1 2 �10 3 1 35+ 24 0 �2 11 1 1 35 = 24 1 0 01 4 2 35 :Profan¸
 A+O = A, gia opoiod pote p�naka A �diou megèjou
 me ton O.



4.6. P�INAKES, GRAMMIK�A SUST�HMATA, OR�IZOUSES 71Or�zoume pollaplasiasmì tou p�naka me bajmwtì � 2 R w
 ex 
. O p�naka
 �A èqei w
stoiqe�a tou ta stoiqe�a tou A pollaplasiasmèna me �,�A = (�aij) :Gia par�deigma an A e�nai ìpw
 sto prohgoÔmeno par�deigma, tìte(�1)A = 24 �1 �2 10 �3 �1 35 :Onom�zoume an�strofo tou m�n p�naka kai ton sumbol�zoume me AT = (bij), ton n�mp�naka pou èqei w
 grammè
 ti
 st le
 tou A, dhlad AT = (bij) = (aji) :Gia par�deigma an A e�nai ìpw
 sto prohgoÔmeno par�deigma, tìteAT = 2664 1 02 3�1 1 3775 :'Ena
 tetragwnikì
 n� n p�naka
 lègetai summetrikì
 anaij = aji; i; j = 1; :::; n:Profan¸
 èna
 summetrikì
 p�naka
 e�nai �so
 me ton an�strofo tou.Tèlo
, o monadia�o
 p�naka
,   p�naka
 mon�da I, e�nai èna
 diag¸nio
 p�naka
 pou ìla tadiag¸nia stoiqe�a tou e�nai 1, I = 2666664 1 0 ::: 00 1 ::: 0... . . . ...0 0 ::: 1
3777775 :'Estw A = (aij) èna
 m � n p�naka
 kai B = (bij) èna
 n � r p�naka
. Or�zoume w
ginìmeno tou
 AB èna m� r p�naka C = (
ij) pou ta stoiqe�a tou e�nai
ij = ai1b1j + ai2b2j + ::: + ainbnj = nXk=1 aikbkj; i = 1; :::; m; j = 1; :::; r:Sqhmatik�, to stoiqe�o 
ij prokÔptei w
 eswterikì ginìmeno th
 i�gramm 
 tou p�naka A methn j� st lh tou p�naka B. Gia par�deigma,24 �1 �2 10 �3 �1 352664 1 02 3�1 1 3775 = 24 �6 �5�5 �10 35 :
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 pou or�zetai ètsi to ginìmeno pin�kwn ja g�nei antilhptì
 ìtan ja doÔme th gewme-trik  shmas�a tou
 sth Grammik  'Algebra.Idiìthte
 tou ginomènou:(1) En gènei to ginìmeno pin�kwn den e�nai metajetikì, dhlad AB 6= BA:(2) To ginìmeno e�nai epimeristikìA (BC) = (AB)C:(3) IsqÔei h prosetairistik  idiìthta w
 pro
 thn prìsjeshA(B + C) = AB + ACO�kojen noe�tai ìti sti
 parap�nw isìthte
, oi pr�xei
 or�zontai. Gia par�deigma sthn(2) A;B mporoÔn na pollaplasiastoÔn kai B;C mporoÔn na pollaplasiastoÔn. 'Etsi, an Ae�nai k�poio
 m� n p�naka
, o B prèpei na èqei th morf  enì
 n� r p�naka kai o C prèpeina e�nai èna
 r � s p�naka
.'Ena
 tetragwnikì
 n�n p�naka
 A lègetai antistrèyimo
, an up�rqei èna
 n�n p�naka
B tètoio
 ¸ste AB = BA = In:O p�naka
 B lègetai ant�strofo
 tou A kai sumbol�zetai me A�1. O ant�strofo
 enì
 p�naka,an up�rqei, e�nai monadikì
. 'Ena
 aplì
 trìpo
 prosdiorismoÔ tou antistrìfou p�naka, e�naih lÔsh tou sust mato
 AA�1 = I. Gia par�deigma, anA = 24 2 �15 3 35arke� na prosdior�soume èna p�naka A�1 = 24 x yz w 35tètoio ¸ste 24 2 �15 3 3524 x yz w 35 = 24 1 00 1 35 :



4.6. P�INAKES, GRAMMIK�A SUST�HMATA, OR�IZOUSES 73Arke� loipìn na lÔsoume to sÔsthma 2x� z = 1;2y � w = 0;5x + 3z = 0;3w + 5y = 1:Apì th lÔsh tou sust mato
 prokÔptei ìtiA�1 = 24 311 111� 511 211 35 :Parathr sei
. H gewmetrik  ermhne�a pou mporoÔme na d¸soume stou
 p�nake
 einai hh ex 
. 'Ena
 tuq¸n m � n p�naka
 A, dra p�nw se èna di�nusma x tou Rn kai par�gei ènadi�nusma y tou Rm , y = Ax. Lème ìti o p�naka
 A e�nai mia grammik  apeikìnish apì tonRn ston Rm , diìti:(a) Gia opoiad pote dianÔsmata x1 kai x2,A (x1 + x2) = Ax1 + Ax2;(b) Gia k�je pragmatikì arijmì � kai k�je di�nusma x,A(�x) = �Ax:Eidik¸
, èna
 tetragwnikì
 n � n p�naka
 A, dra p�nw se èna di�nusma x tou Rn kaipar�gei èna nèo di�nusma y tou Rn , y = Ax. En gènei, to nèo di�nusma diafèrei apì topaliì kai sto mètro kai sthn kateÔjunsh. P.q. ìtan o p�naka
A = 24 1 �12 1 35dr�sei p�nw sto di�nusma x = (1; 1)T , par�gei to di�nusmay = Ax = 24 03 35JewroÔme to to omogenè
 sÔsthma m exis¸sewn me n agn¸stou
, x1; : : : ; xna11x1 + a12x2 + ::: + a1nxn = b1� � �am1x1 + a12x2 + ::: + amnxn = bm



74 KEF�ALAIO 4. DIANUSMATIKH ANALUSHpou gr�fetai kai w
   Ax = b,   qrhsimopoi¸nta
 ta dianÔsmata st lh
 Aj, w
x1A1 + x2A2 + ::: + xnAn = b (4.6.1)A
 upojèsoume ìti m = n kai ìti o p�naka
 A e�nai antistrèyimo
. Tìte h lÔsh tou sust -mato
 e�nai x = A�1b:'Opw
 ja de�xoume sth Grammik  'Algebra, h lÔsh aut  e�nai monadik .'Estw o p�naka
 A = 24 a b
 d 35 :H or�zousa tou e�nai o arijmì
 ad� b
 kai sumbol�zetai me detA. Gr�foumedetA = ������ a b
 d ������ = ad� b
:An A1 kai A2 e�nai oi duo st le
 tou A, qrhsimopoioÔme to sumbolismì detA = D(A1;A2)gia thn or�zousa tou. Oi parak�tw idiìthte
 prokÔptoun me aplì upologismì.O1 W
 sun�rthsh twn dianusm�twn st lh
 Aj, h or�zousa e�nai grammik . ToÔto sh-ma�nei ìti det24 a+ a0 b
+ 
0 d 35 = det24 a b
 d 35 + det24 a0 b
0 d 35 ;det24 �a b�
 d 35 = � det24 a b
 d 35 :O2 An duo st le
 e�nai �se
, h or�zousa e�nai mhdèn.O3 H or�zousa tou monadia�ou p�naka e�nai 1.O4 H or�zousa mpore� na anaptuqje� kat� st le
   grammè
, �ra detA = detAT .O5 An enall�xoume ti
 duo st le
, h or�zousa all�zei prìshmo.O6 An prosjèsoume èna bajmwtì pollapl�sio mia
 st lh
 se mia �llh st lh, h or�zousaden all�zei.H or�zousa enì
 3� 3 p�naka A or�zetai w
detA = �������� a11 a12 a13a21 a22 a23a31 a32 a33 �������� = a11 ������ a22 a23a32 a33 ������� a12 ������ a21 a23a31 a33 ������ + a13 ������ a21 a22a31 a32 ������ :



4.7. ASK�HSEIS 75An A1, A2; kai A3 e�nai oi st le
 tou A, qrhsimopoioÔme p�li to sumbolismì detA =D(A1;A2;A3) gia thn or�zousa tou. MporoÔme p�li na de�xoume ìti isqÔoun oi idiìthte
O1-O6. Gia par�deigma, to pr¸to mèro
 th
 O1 shma�nei ìti anb = 2664 b1b2b3 3775e�nai opoiod pote di�nusma st lh
, tìte,D(A1 + b;A2;A3) = D(A1;A2;A3) +D(b;A2;A3)4.7 Ask sei
1. 'Estw I o n� n p�naka
 mon�da kai A èna
 n� r p�naka
. Bre�te ton IA:2. An A;B tetragwniko� p�nake
 isqÔei ìti (A+B) (A� B) = A2 �B2 ?3. 'Estw A = 2664 0 1 10 0 10 0 0 3775 :Bre�te tou
 A2; A3: GenikeÔsete gia 4� 4 p�nake
.4. 'Estw A = 2664 a 0 00 b 00 0 
 3775 :Bre�te tou
 A2; A3:5. 'Estw R (�) o p�naka
 strof 
R (�) = 24 
os � � sin �sin � 
os � 35 :De�xte ìti R (�1)R (�2) = R (�1 + �2) : Bre�te ton R (�)2 : De�xte ìti o R (�) èqei ant�-strofo kai bre�te ton. An to di�nusma x = (1; 2)T strafe� kat� �=6; poiè
 e�nai oi nèe
suntetagmène
 tou? Gia x 2 R2 ; èstw y = R (�) x: De�xete ìti jyj = jxj :



76 KEF�ALAIO 4. DIANUSMATIKH ANALUSH6. 'Estw A èna
 4 � 4 p�naka
 me stoiqe�a aij (gr�yte ton!). 'Estw U èna
 apì tou
parak�tw p�nake
. Bre�te se k�je per�ptwsh tou
 UA kai AU:(a) 2666664 0 1 0 00 0 0 00 0 0 00 0 0 0
3777775 (b) 2666664 0 0 0 01 0 0 00 0 0 00 0 0 0

3777775 (
) 2666664 0 0 0 00 0 0 00 1 0 00 0 0 0
3777775'Omoia bre�te se k�je per�ptwsh tou
 EA kai AE gia E ènan apì tou
(a) 2666664 0 1 0 01 0 0 00 0 1 00 0 0 1

3777775 (b) 2666664 0 0 0 10 0 1 00 1 0 00 0 0 0
3777775 (
) 2666664 0 0 1 00 0 0 10 1 0 01 0 0 0

37777757. An A e�nai èna
 3� 3 p�naka
 kai � 2 R, de�xte ìti det (�A) = �3 detA:8. LÔste me ton kanìna tou Cramer to sÔsthmaAx =2664 12�1 3775 me A = 2664 1 0 10 1 0�1 0 0 3775 :Poiì
 e�nai o ant�strofo
 tou A; Bre�te ton ant�strofo tou2666664 �1 2 �1 �31 0 0 00 0 0 10 0 1 0
3777775 :9. An A = 2664 �1=2 �p3=2 0�p3=2 1=2 00 0 2 3775 ; P = 2664 1=2 p3=2 0�p3=2 1=2 00 0 1 3775de�xte ìti o P�AP e�nai diag¸nio
 kai ìti o A ikanopoie� thn ex�swshA3 � 2A2 � A+ 2I = O10. An i = p�1; de�xte ìti oi p�nake
 tou Pauli�1 = 24 0 11 0 35 ; �2 = 24 0 �ii 0 35 ; �3 = 24 1 00 �1 35 ; I = 24 1 00 1 35



4.8. MIGADIKO�I ARIJMO�I 77ikanopoioÔn ti
 sqèsei
 �21 = �22 = �23 = I�j�k = i�l; j; k; l kuklik�.De�xte akìma ìti gia k�je x 2 Reix�1 � I + ix�1 + (ix�1)22! + (ix�1)33! + ::: = I 
os x + i�1 sin x:11. An A = 24 
os � � sin �sin � 
os � 35de�xte ìti A2 = AA = 24 
os 2� � sin 2�sin 2� 
os 2� 35 :12. Bre�te tou
 ant�strofou
 (an up�rqoun) twn pin�kwn2664 1 3 21 �1 02 1 1 3775 ; 2664 1 3 21 �1 02 0 1 3775 :13. (a) De�xte ìti ta dianÔsmata i0 = (6=7;�3=7; 2=7); j0 = (2=7; 6=7; 3=7); k0 = (�3=7;�2=7; 6=7),apoteloÔn orjokanonik  b�sh, dhlad  e�nai an� dÔo k�jeta kai èqoun norm mon�da.Ep� plèon h b�sh aut  e�nai dexiìstrofh. (b) Bre�te ton p�naka metasqhmatismoÔ apìth sun jh b�sh fi; j;kg sth b�sh fi0; j0;k0g.14. De�xete ìti h or�zousa tou ginomènou duo 2�2 pin�kwn isoÔtai me to ginìmeno twn ori-zous¸n. 'Opw
 ja doÔme sth Grammik  'Algebra, gia duo opoiousd pote tetragwnikoÔ
p�nake
 A kai B isqÔei ìti, det(AB) = (detA)(detB).4.8 Migadiko� arijmo�'Opw
 h an�gkh ep�lush
 exis¸sewn tou tÔpou x + 1 = 0 od ghse sthn kataskeu  twnarnhtik¸n arijm¸n, ètsi kai h an�gkh ep�lush
 exis¸sewn tou tÔpou x2 + 1 = 0, od ghsesthn kataskeu  twn fantastik¸n arijm¸n. O fantastikì
 arijmì
 i or�zetai w
 i2 = �1,  i = p�1. 'Ena
 migadikì
 arijmì
 z or�zetai w
z = a+ ib; a; b 2 R:



78 KEF�ALAIO 4. DIANUSMATIKH ANALUSHìpou a = Re z, b = Im z (pragmatikì kai fantastikì mèro
 tou z). Duo migadiko� arijmo�e�nai �soi an èqoun �sa ta pragmatik� kai fantastik� mèrh tou
 ant�stoiqa. O suzug 
 toumigadikoÔ arijmoÔ z e�nai o arijmì
 z = a� ib:Sto ex 
 ja jewroÔme ìti èna tri¸numo me pragmatikoÔ
 suntelestè
, èqei p�ntote duor�ze
, pragmatikè
   migadikè
. An oi r�ze
 e�nai migadikè
, tìte ja e�nai suzuge�
 (de�xteto). Genik¸
 èna polu¸numo n-ostoÔ bajmoÔ me pragmatikoÔ
 suntelestè
 èqei akrib¸
 nr�ze
 (jemeli¸de
 je¸rhma th
 'Algebra
). 'Ose
 e�nai migadikè
, emfan�zontai kat� zeÔgh:an a+ ib e�nai mia r�za tìte kai h a� ib e�nai ep�sh
 r�za.Prìsjesh duo migadik¸n g�netai ajro�zonta
 ta pragmatik� kai fantastik� mèrh,(a+ ib) + (
+ id) = (a+ b) + i(
 + d):Pollaplasiasmì
 g�netai lamb�nonta
 up' ìyin ìti i2 = �1,(a+ ib)(
 + id) = (a
� bd) + i(ad+ b
):Eidik� o pollaplasiasmì
 enì
 migadikoÔ me ton suzug  tou d�nei p�nta arijmì pragmatikìmh arnhtikì, zz = a2 + b2Mètro enì
 migadikoÔ arijmoÔ z onom�zetai o mh arnhtikì
 arijmì
jzj = pa2 + b2:Gia th dia�resh pollaplasi�zoume arijmht  kai paronomast  me ton suzug  tou paronoma-st , a+ ib
+ id = (a+ ib) (
� id)(
+ id) (
� id) = ::: = a
+ bd
2 + d2 + ib
� ad
2 + d2 :AfoÔ se k�je migadikì z = x + iy antistoiqe� èna zeÔgo
 pragmatik¸n arijm¸n (x; y),
PSfrag repla
ements

�

mporoÔme na parast soume grafik� ton z sto ep�pedo, qrhsimopoi¸nta
 èna sÔsthma su-ntetagmènwn.



4.8. MIGADIKO�I ARIJMO�I 79Sto sq ma fa�netai ìti gia ton mh mhdenikì arijmì z,z = r(
os � + i sin �):'Etsi g�netai profanè
 to gewmetrikì nìhma tou mètrou enì
 migadikoÔ arijmoÔ (taut�zetaime to r sto sq ma). H gwn�a � lègetai ìrisma tou migadikoÔ arijmoÔ z.� Parast ste sto migadikì ep�pedo èna migadikì z kai ton suzug  tou. Ti parist�neigewmetrik� to �jroisma z1+z2 duo migadik¸n? Parast ste sto ep�pedo tou
 arijmoÔ
1 + i; �1 + ip3 kaj¸
 kai to ginìmeno tou
. Poia e�nai ta or�smata tou
?A
 jewr soume t¸ra èna migadikì z me mètro èna, dhlad  o z ke�tai p�nw sto monadia�okÔklo, z = f(�) = 
os � + i sin �:Paragwg�zonta
 thn f w
 pro
 � br�skoume,f 0(�) = � sin � + i 
os � = i(
os � + i sin �)dhlad  f 0(�) = if(�). All� h ekjetik , e�nai h mình sun�rthsh pou h par�gwgo
 th
 e�naian�logh th
 �dia
 th
 sun�rthsh
, �ra f (�) = Cei�:Gia na prosdior�soume th stajer  C, jètoume � = 0, dhlad  f(0) = Cei0 = C, kai epeid f(0) = 1, ja èqoume C = 1, �ra f (�) = ei�. Katal xame loipìn ston tÔpo tou Euler:ei� = 
os � + i sin �:O tÔpo
 tou Euler sundèei entupwsiak� tou
 pio di�shmou
 uperbatikoÔ
 arijmoÔ
, to � kaito e : ei� = �1:O tÔpo
 tou Euler ma
 d�nei th dunatìthta na ekfr�soume èna mh mhdenikì migadikìz = r(
os � + i sin �) me th morf  z = rei�; r > 0; � 2 R:H ekjetik  morf  èqei to pleonèkthma ìti to ginìmeno duo migadik¸n z1; z2 ekfr�zetai me ènamigadikì, mètrou �so me to ginìmeno twn mètrwn twn z1; z2 kai or�smato
 �so me to �jroismatwn orism�twn: z1z2 = r1r2ei(�1+�2):



80 KEF�ALAIO 4. DIANUSMATIKH ANALUSH'Omoia to phl�ko duo migadik¸n èqei w
 mètro to phl�ko twn mètrwn tou
 kai ìrisma thndiafor� twn orism�twn tou
. H ekjetik  morf  d�nei amèsw
 ton tÔpo tou de Moivrezn = rnein� = rn (
osn� + i sinn�) :'Etsi mporoÔme eÔkola na broÔme ti
 r�ze
 enì
 migadikoÔ arijmoÔ. Gia par�deigma, h ex�swshz3 = 1gr�fetai r3ei3� = 1 = 1ei0�ra prèpei r3 = 1 kai 3� = 2k�. Sunep¸
 r = 1 kai � = 2k�=3. 'Epetai ìti oi migadiko�z = exp(i2k�=3) = 
os(2k�=3) + i sin(2k�=3); k = 0; 1; 2e�nai oi kubikè
 r�ze
 th
 mon�da
 (gr�yte tou
 se kartesian  morf ). Ke�ntai sti
 korufè
isopleÔrou trig¸nou (mia koruf  tou e�nai to shme�o (1; 0)) eggegrammènou sto monadia�okÔklo (k�nete sq ma). Sthn klasik  �lgebra, h ex�swsh x3 = 1 lÔnetai w
 ex 
:x3 � 1 = 0   (x� 1)(x2 + x+ 1) = 0;�ra oi r�ze
 e�nai oi arijmo� 1; (�1� ip3)=2.IdoÔ t¸ra mia diaforetik  prosèggish ston tÔpo tou Euler. An or�soume w
 eix to�jroisma th
 seir�
 Tayloreix = 1 + ix+ (ix)22! + (ix)33! + +(ix)44! + (ix)55! + (ix)66! + (ix)77! + :::;parathroÔme ìti h seir� mpore� na grafe�eix = 1 + ix� x22! � ix33! + x44! + ix55! � x66! � ix77! + :::;  akìma eix = �1� x22! + x44! � x66! + :::� + i�x� x33! + x55! � x77! + :::� :Katal goume loipìn ston tÔpo tou Euler,eix = 
os x + i sinx:



Kef�laio 5
DIAFORIKES EXISWSEIS
H ènnoia th
 diaforik 
 ex�swsh
 emfan�sthke gia pr¸th for� sto nìmo tou NeÔtwna. Apìtìte, diaforikè
 exis¸sei
 anakÔptoun se ìle
 ti
 fusikè
 epist me
 all� kai se koinwni-kè
 epist me
 ìpw
 h oikonomik  epist mh kai h koinwniolog�a. Parade�gmata ja doÔmesto epìmeno kef�laio ìpou kur�w
 ja asqolhjoÔme me diaforikè
 exis¸sei
 qwrizomènwnmetablht¸n kai thn ex�swsh tou armonikoÔ talantwt .H paradosiak  parous�ash enì
 pr¸tou maj mato
 diaforik¸n exis¸sewn sun�stataisthn par�jesh mejìdwn gia thn ep�lush orismènwn DE. Idia�terh èmfash d�netai sti
 gram-mikè
 DE, diìti e�nai akrib¸
 autè
 gia ti
 opo�e
 kat� tou
 teleuta�ou
 ai¸ne
 èqoun anaptu-qje� mèjodoi gia thn ep�lush tou
. En toÔtoi
, ta fusik� fainìmena perigr�fontai sun jw
apì mh grammikè
 DE. Ep� plèon, ka�toi den up�rqoun susthmatikè
 mèjodoi ep�lush
 twnmh grammik¸n DE, oi lÔsei
 tou
 emfan�zoun thn pio endiafèrousa sumperifor�. Gia tou
lìgou
 autoÔ
, ja perior�soume sto el�qisto dunatì thn par�jesh mejìdwn ep�lush
 DE.Antijètw
 ja parousi�soume th gewmetrik , poiotik  �poyh th
 jewr�a
 twn DE. Idia�terhèmfash ja doje� sth melèth tou portra�tou twn f�sewn enì
 dunamikoÔ sust mato
 pouperigr�fetai apì èna sÔsthma diaforik¸n exis¸sewn. Montèla oikolog�a
 ja ma
 d¸sounto k�nhtro gia thn an�ptuxh th
 jewr�a
 twn mh grammik¸n dunamik¸n susthm�twn se duodiast�sei
. Tèlo
, to MATHEMATICA ja apodeiqje� isqurì ergale�o tìso gia thn ep�lushtwn DE, ìso kai gia thn poiotik  melèth tou
.81



82 KEF�ALAIO 5. DIAFORIKES EXISWSEIS5.1 Eisagwg  sti
 Diaforikè
 Exis¸sei
Mia ex�swsh pou perièqei mia �gnwsth sun�rthsh kai ti
 parag¸gou
 th
 mèqri k�poia
t�xh
 lègetai diaforik  ex�swsh. P.q.dxdt = x (t) (1� x (t)) ; �x (t) + _x2 (t) + x3 (t) + 1 = 0e�nai diaforikè
 exis¸sei
 pr¸th
 kai deÔterh
 t�xh
 ant�stoiqa. Diaforikè
 exis¸sei
 a-nakÔptoun se ìle
 ti
 fusikè
 epist me
 all� kai sti
 epist me
 eke�ne
 pou èna prìblhmampore� na diatupwje� me majhmatikoÔ
 ìrou
. Gia par�deigma o nìmo
 tou NeÔtwna ekfr�-zetai me mia diaforik  ex�swsh (�sw
 h pr¸th pou antimet¸pise o �njrwpo
), afoÔ se miadi�stash mpore� na grafe� me th morf md2xdt2 = F (t; x) :K�je for� pou s' èna prìblhma emfan�zetai o rujmì
 metabol 
 enì
 megèjou
, odhgoÔmastese mia diaforik  ex�swsh. A
 doÔme merik� parade�gmata.Ekjetik  me�wsh megèjou
. A
 upojèsoume ìti èna
 meg�lo
 plhjusmì
 bakthrid�wnaf netai qwr�
 trof . Gia eukol�a ja upojèsoume ìti ta bakthr�dia e�nai ste�ra. An sumbo-l�soume me N(t) to pl jo
 twn bakthrid�wn th qronik  stigm  t, e�nai eÔlogo na upojèsoumeìti o arijmì
 twn jan�twn �N mèsa se qronikì di�sthma �t e�nai an�logo
 tou plhjusmoÔeke�nh th stigm  kai an�logo
 tou diast mato
 �t, dhlad �N = ��N�t:O suntelest 
 analog�a
 �, ekfr�zei th jnhsimìthta tou plhjusmoÔ kai exart�tai apìpar�gonte
 pou e�te den gnwr�zoume, e�te den epijumoÔme na eis�goume sto prìblhma. Toprìshmo me�on ofe�letai sto ìti h metabol  �N e�nai arnhtik . Diair¸nta
 me �t kaipa�rnonta
 to ìrio ìtan �t! 0 ja èqoume th diaforik  ex�swshdNdt = ��N:Mia lÔsh e�nai h e��t,   pio genik�, N (t) = Ce��t , ìpou C mia auja�reth stajer�. Meton ìro lÔsh, ennooÔme mia sun�rthsh pou ikanopoie� th diaforik  ex�swsh. H stajer� Cprosdior�zetai w
 ex 
. An xekin same me N0 bakthr�dia (dhl. th qronik  stigm  t = 0 oarijmì
 twn bakthrid�wn  tan N0), tìteN0 = N (0) = Ce��0 ) C = N0



5.2. �UPARXH L�USEWN KAI MONADIK�OTHTA 83'Eqoume loipìn k�poio nìmo ekjetik 
 me�wsh
 tou plhjusmoÔ. E�nai endiafèron ìti ank�noume ti
 antikatast�sei
, \arijmì
 bakthrid�wn"->\arijmì
 radienerg¸n pur nwn", \a-rijmì
 jan�twn �N"->\arijmì
 diasp�sewn �N" klp, tìte katal goume sto gnwstì nìmotwn radienerg¸n diasp�sewn. E�nai profanè
 ìti mporoÔme na metafèroume ston kìsmo twnbakthrid�wn gnwstè
 ènnoie
, ìpw
, qrìno
 upodiplasiasmoÔ, stajer� qrìnou klp.Ekjetik  aÔxhsh. 'Ena
 arqikì
 plhjusmì
 bakthrid�wn t�jetai mèsa se perib�llon meaperiìristh trof  th qronik  stigm  t = 0. Upojètonta
 ìti h aÔxhsh tou plhjusmoÔ �Nmèsa se qronikì di�sthma �t e�nai an�logh tou plhjusmoÔ eke�nh th stigm  kai an�logo
tou diast mato
 �t, bre�te ton plhjusmì w
 sun�rthsh tou qrìnou.K�nhsh upì stajer  dÔnamh. Af noume eleÔjero èna s¸ma na kinhje� upì thn ep�-drash tou b�rou
 tou (agnooÔme thn ant�stash tou aèra). O nìmo
 tou NeÔtwna pa�rnei thmorf  md2zdt2 = �mg ) d2zdt2 = �g:Oloklhr¸nonta
 èqoume dzdt = �gt+ C1 kai oloklhr¸nonta
 xan�z (t) = �12gt2 + C1t+ C2;ìpou C1 kai C2 e�nai auja�rete
 stajerè
. Gia na prosdior�soume ti
 stajerè
, den arke� m�aarqik  sunj kh (ìpw
  tan sto pr¸to par�deigma o arqikì
 plhjusmì
 twn bakthrid�wn).ApaitoÔntai duo tètoie
 arqikè
 sunj ke
, ìpw
 h arqik  jèsh kai h arqik  taqÔthta tous¸mato
. An p.q. gnwr�zoume ìti to s¸ma ektin�ssetai pro
 ta k�tw me arqik  taqÔthta20m/
, apì Ôyo
 40m, tìte h lÔsh th
 diaforik 
 ex�swsh
 e�naiz (t) = �12gt2 � 20t+ 40:5.2 'Uparxh lÔsewn kai monadikìthtaO anagn¸sth
 me idia�terh majhmatik  euaisjhs�a ja èqei �sw
 anarwthje� an oi lÔsei
 poubr kame sta parade�gmata aut� e�nai oi mìne
 dunatè
. Sthn per�ptwsh th
 katakìrufh
bol 
, h gn¸sh th
 arqik 
 jèsh
 kai taqÔthta
 tou s¸mato
, epètreye ton prosdiorismìth
 jèsh
 tou k�poia metagenèsterh stigm . Akìma kai an diaisjhtik� fa�netai pw
 h lÔshe�nai monadik , den xèroume sth genik  per�ptwsh thn ap�nthsh sto er¸thma: An doje�mia DE, up�rqei lÔsh th
? Kai an up�rqei, e�nai monadik ? To er¸thma den èqei mìnomajhmatikì endiafèron, all� kai meg�lh praktik  shmas�a. E�nai ousi¸de
 na gnwr�zoumep.q. an, doje�sh
 th
 jèsh
 kai th
 taqÔthta
 enì
 dorufìrou k�poia stigm , mporoÔme naproblèyoume monos manta th jèsh tou k�poia metagenèsterh qronik  stigm .



84 KEF�ALAIO 5. DIAFORIKES EXISWSEISGia na apant soume sto er¸thma autì a
 epanèljoume sthn apl  DE dx=dt = ax (t)  _x = ax: An C e�nai opoiad pote stajer�, h sun�rthsh x (t) = Ceat e�nai mia lÔsh th
 DEìpw
 fa�netai me antikat�stash sthn DE. Ep� plèon e�nai h monadik  lÔsh. Pr�gmati, èstwìti h sun�rthsh u(t) e�nai mia lÔsh th
 DE. Upolog�zoume thn par�gwgo th
 u(t)e�at:ddt �u(t)e�at� = _ue�at � aue�at = aue�at � aue�at = 0:'Ara e�nai u(t)e�at mia stajer� C, dhlad  u (t) = Ceat, o.e.d.ParathroÔme ìti gia k�je tim  th
 stajer�
 C èqoume mia lÔsh. Oi lÔsei
 autè
 sun�-stantai apì mia oikogèneia ekjetik¸n. K�je kampÔlh th
 oikogèneia
 e�nai mia lÔsh th
 DE.Sto sq ma fa�nontai merikè
 apì ti
 kampÔle
 autè
 gia a = 1.An doje� mia arqik  sunj kh, dhlad  h tim  x0 th
 lÔsh
 se k�poia stigm  t0, tìte hstajer� C prosdior�zetai monos manta: x(t0) = x0, upoqre¸nei th stajer� C na ikanopoie�thn Ceat0 = x0. 'Ara h DE èqei monadik  lÔsh pou ikanopoie� thn arqik  sunj kh x(t0) = x0.Gewmetrik�, autì shma�nei ìti sto di�gramma x� t, m�a mìno kampÔlh pern� apì to shme�o(t0; x0). Sun jw
 gia aplìthta pa�rnoume t0 = 0, opìte C = x0. Sthn per�ptwsh aut  lèmeìti èqoume èna prìblhma arqik¸n tim¸n_x = ax; x(0) = x0:To apotèlesma autì pou apode�xame gia thn apl  diaforik  ex�swsh _x = ax, isqÔeigenikìtera. Akribèstera, isqÔei to je¸rhma Ôparxh
 kai monadikìthta
 th
 lÔsh
 mia
 dia-forik 
 ex�swsh
, pou ja doÔme analutikìtera se �llo m�jhma. SÔmfwna m' autì, up�rqeimonadik  lÔsh x(t) th
 DE _x = f (t; x)pou ikanopoie� thn arqik  sunj kh x(0) = x0, arke� h sun�rthsh f na ikanopoie�  pie
sunj ke
, p.q. na èqei suneq  par�gwgo w
 pro
 x. Ep� plèon, to je¸rhma kajor�zei kai todi�sthma (�a; a) sto opo�o or�zetai h lÔsh.Par' ìlo pou to je¸rhma moi�zei na èqei efarmog  mìno se DE pr¸th
 t�xh
, eÔkolampore� na efarmoste� se diaforikè
 exis¸sei
 an¸terh
 t�xh
. A
 doÔme p�li to par�deigmatou jemeli¸dou
 nìmou th
 mhqanik 
 pou e�nai mia diaforik  ex�swsh deÔterh
 t�xh
. A
upojèsoume ìti èna swm�tio m�za
 m = 1 (se auja�rete
 mon�de
) kine�tai upì thn ep�drashmia
 dÔnamh
 pou exart�tai apì to qrìno. Th qronik  stigm  t0 = 0 br�sketai sth jèshx(0) = x0 kai h taqÔthta tou e�nai v(0) = v0. Jètonta
 v = dx=dt, o nìmo
 tou NeÔtwnampore� na grafe� w
 dvdt = F (t) ;



5.3. DIAFORIK�ES EXIS�WSEIS POU L�UNONTAI ME OLOKL�HRWSH 85kat� sunèpeia up�rqei monadik  lÔsh v(t) me v(0) = v0. Gnwr�zonta
 loipìn th sun�rthshv(t), to prìblhma arqik¸n tim¸n dxdt = v (t) ; x(0) = x0èqei monadik  lÔsh. 'Etsi, an e�nai gnwst  h arqik  kat�stash tou swmatid�ou (dhlad  h jèshkai h taqÔthta tou k�poia qronik  stigm  t = 0), tìte mpore� monos manta na problefje�h kat�stash tou k�poia metagenèsterh qronik  stigm  t > 0. To sumpèrasma autì, pouekfr�zei thn arq  th
 aitiokrat�a
 sthn klassik  mhqanik , e�nai sunèpeia tou jewr mato
Ôparxh
 kai monadikìthta
 th
 lÔsh
 mia
 diaforik 
 ex�swsh
 pou proanafèrame.5.3 Diaforikè
 exis¸sei
 pou lÔnontai me olokl rwshH pio apl  morf  mia
 DE e�nai aut  twn qwrizomènwn metablht¸n:dxdt = h (x) g (t) :Sthn per�ptwsh aut  gr�foume dxh(x) = g (t) dt kai h lÔsh epitugq�netai me apl  olokl rwsh,Z dxh (x) = Z g (t) dt+ CA
 doÔme merik� parade�gmata.YÔxh s¸mato
 (Newton). O rujmì
 yÔxh
 enì
 s¸mato
 e�nai an�logo
 th
 diafor�
jermokras�a
 tou s¸mato
 kai tou perib�llonto
. 'Ena flitz�ni ts�i, arqik 
 jermokras�a
800C af netai se èna dwm�tio jermokras�a
 200C. Na breje� h jermokras�a tou tsagioÔ sesun�rthsh me to qrìno.An � (t) e�nai h jermokras�a th stigm  t o nìmo
 tou (Newton) pou anafèretai sto rujmìel�ttwsh
 th
 jermokras�a
 gr�fetaid�dt = �k (� � 20)ìpou k > 0 suntelest 
 analog�a
. To prìshmo me�on t�jetai diìti o rujmì
 d�=dt e�naiarnhtikì
. H DE e�nai qwrizomènwn metablht¸n �raZ d�� � 20 = � Z kdt ) ln j� � 20j = �kt + C ) j� � 20j = e�kt+C = eCe�kt;  j� � 20j = Ae�kt ìpou jèsame A = eC . Epeid  � � 20 > 0, ja èqoume � � 20 = Ae�kt,  � = Ae�kt + 20: Dedomènou ìti �(0) = 80, h stajer� A prokÔptei �sh me 60, �ra telik�� (t) = 60e�kt + 20



86 KEF�ALAIO 5. DIAFORIKES EXISWSEISDhmiourg�a p�gou sthn epif�neia mia
 l�mnh
. 'Opw
 e�nai gnwstì, o p�go
 ar-q�zei na sqhmat�zetai sthn epif�neia tou neroÔ. To str¸ma tou p�gou y(t) e�nai mia aÔxousasun�rthsh tou qrìnou. Kaj¸
 to str¸ma autì g�netai paqÔtero, h jermìthta pou diafeÔgeisto perib�llon èqei na dianÔsei megalÔterh apìstash, kat� sunèpeia o rujmì
 sqhmatismoÔtou p�gou dy=dt elatt¸netai. Perimènoume dhlad  dy=dt = fj�nousa sun�rthsh tou y. ToaploÔstero montèlo pou mporoÔme na dokim�soume e�nai na jewr soume ìti o rujmì
 dy=dte�nai antistrìfw
 an�logo
 tou y: dydt = ky ; k > 0:Me qwrismì metablht¸n èqoumeZ ydy = Z kdt) y2=2 = kt + C:An jewr soume ìti y = 0 ìtan t = 0, prokÔptei ìti C = 0, �ray (t) = p2kt:Ant�stash tou aèra. H ant�stash tou aèra s' èna s¸ma pou kine�tai sthn atmìsfairasun jw
 den lamb�netai up' ìyin sta stoiqei¸dh probl mata bol¸n. En toÔtoi
 h dÔnamhaut  e�nai shmantik , id�w
 an h taqÔthta tou s¸mato
 e�nai meg�lh. Gia sqetik� meg�le
taqÔthte
 (� 150m=se
) to pe�rama de�qnei ìti h ant�stash tou aèra e�nai an�logh th
metwpik 
 epif�neia
 S tou s¸mato
, an�logh th
 puknìthta
 � tou aèra kai an�logh toutetrag¸nou th
 taqÔthta
: F = 12C�Sv2:C e�nai o aerodunamikì
 suntelest 
 kai exart�tai apì to sq ma tou s¸mato
 (p.q. toiqjuoeidè
 èqei mikrìtero suntelest  C apì mia ep�pedh pl�ka). Gia mikrè
 taqÔthte
,qrhsimopoie�tai èna aploÔstero montèlo, sÔmfwna me to opo�o, \h ant�stash tou aèra e�naian�logh th
 taqÔthta
", F = kv. Se èna s¸ma pou pèftei katakìrufa ston aèra, askoÔntailoipìn duo ant�rrope
 dun�mei
, to b�ro
 kai h ant�stash tou aèra. O jemeli¸dh
 nìmo
 th
Mhqanik 
 gr�fetai mdvdt = mg � kvDiair¸nta
 me m kai jètonta
 k=m = a, prokÔptei _v = �a (v �mg=k) : Me qwrismì twnmetablht¸n èqoumeZ dv(v �mg=k) = �a Z dt ) ln jv �mg=kj = �at + C



5.3. DIAFORIK�ES EXIS�WSEIS POU L�UNONTAI ME OLOKL�HRWSH 87  jv �mg=kj = e�at+C = Ae�at; ìpou A = eC > 0: 'Ara prokÔptei v�mg=k = Ae�at: Epeid v = 0 ìtan t = 0, ja èqoume 0�mg=k = Ae�a0; dhl A = �mg=k; �ra telik�v (t) = mgk �1� e�at� :H taqÔthta aux�nei mèqri
 ìtou to s¸ma apokt sei oriak  taqÔthta v1 = mg=k.� LÔste to �dio prìblhma upojètonta
 aut  th for� ìti \ant�stash aèra an�logh toutetrag¸nou th
 taqÔthta
" . Apofas�ste poio montèlo sumfwne� kalÔtera me taparak�tw peiramatik� dedomèna (g = 9:8m=s2).t (se
) 0 5 10 15 20 25 30 35 40v (m=s) 31:6 43:2 47:5 49:1 49:7 49:9 50:0 50:0� A
 upojèsoume ìti èna purobìlo ektoxeÔei sk�gia (apì mìlubdo) diamètrou 2:5mmme arqik  taqÔthta v0 = 380m=se
. H meg�lh sqetik¸
 taqÔthta ma
 upoqre¸neina protim soume to montèlo \F = kv2:" Agno¸nta
 to b�ro
 kai efarmìzonta
 tojemeli¸dh nìmo th
 Mhqanik 
 èqoumem _v = �kv2:Bre�te thn taqÔthta v(t) se sun�rthsh me to qrìno. Bre�te thn apìstash x(t) sesun�rthsh me to qrìno. Apale�yte to qrìno gia na bre�te th sqèsh metaxÔ taqÔthta
-apìstash
, v(x) = v0e�ax ìpou a = k=m. Prosdior�ste th stajer� a dedomènou ìtih taqÔthta sta 35m èqei meiwje� sto misì th
 arqik 
. An qrhsimopoihjoÔn sk�giadipl�sia
 diamètrou, se poia apìstash ja èqoun taqÔthta 190m=se
? To apotèlesmasumfwne� me thn empeirik  ant�lhyh ìti ta bari� s¸mata p�ne makrÔtera? Sto apo-tèlesma v(x) = v0e�ax mporoÔme na katal xoume pio gr gora an efarmìsoume tonkanìna th
 alus�da
 dvdt = dvdx dxdt = v dvdxgia na broÔme thn par�gwgo th
 taqÔthta
 w
 pro
 thn apìstash (dv=dx) ant� th
qronik 
 parag¸gou (dv=dt). Exhge�ste.H diastol  tou sÔmpanto
. H parathrhsiak  astronom�a èqei apode�xei ìti to sÔ-mpan diastèlletai. E�nai endiafèron ìti ìtan o Einstein katèlhxe sti
 exis¸sei
 th
 Genik 
Jewr�a
 th
 Sqetikìthta
 to 1916, antel fjh amèsw
 ìti sÔmfwna me th jewr�a aut , tosÔmpan den mpore� na e�nai statikì. Oi exis¸sei
 proèblepan ìti to sÔmpan diastèlletai  sustèlletai, all� thn epoq  eke�nh h idèa fainìtan par�logh. 'Ena apì ta aploÔstera



88 KEF�ALAIO 5. DIAFORIKES EXISWSEISmontèla pou qrhsimopoioÔme akìma kai s mera, e�nai h upìjesh ìti to sÔmpan e�nai mia pe-l¸ria omogen 
 kai isìtroph sfa�ra, akt�na
 R(t), ìpou t parist�nei qrìno. Oi exis¸sei
tou Einstein sthn per�ptwsh aut  an�gontai sthn DE�R = �GMR2ìpou G e�nai h stajer� th
 pagkìsmia
 èlxh
 kai M e�nai h m�za tou sÔmpanto
. Mpo-roÔme na metatrèyoume aut  th DE deÔterh
 t�xh
 se mia pr¸th
 t�xh
 me to ex 
 kìlpo.Pol/zoume kai ta duo mèlh me _R kai epeid ddt _R2 = 2 �R _R; kai ddt 1R = � _RR2 ;pa�rnoume ddt _R2 = 2GM ddt 1Ropìte oloklhr¸nonta
 èqoume th DE_R2 = 2GMR + C ) _R = �r2GMR + C:Epeid  to sÔmpan diastèlletai, _R > 0, �ra èqoume telik�_R =r2GMR + C:Qwr�
 na lÔsoume th diaforik  aut  ex�swsh mporoÔme na doÔme poiotik� thn exèlixhtou sÔmpanto
. A
 jewr soume thn per�ptwsh pou C > 0. Kaj¸
 h akt�na R megal¸nei,to _R exakolouje� na d�netai apì thn parap�nw ex�swsh, �ra to sÔmpan exakolouje� nadiastèlletai. O rujmì
 diastol 
 elatt¸netai kai te�nei asumptwtik� sto pC kaj¸
 R !1. 'Ara gia C > 0 to sÔmpan diastèlletai ep' �peiron me elattoÔmeno rujmì.� Sthn per�ptwsh pou C < 0 jèsete K = �C, me K > 0 kai de�xete ìti R aux�nei mèqrimia tim  Rmax kai sth sunèqeia elatt¸netai (ja qreiaste�te kai thn arqik  ex�swsh giathn apìdeixh). Kaj¸
 R elatt¸netai, pa�rnei polÔ meg�le
 arnhtikè
 timè
, dhlad akolouje� \a big 
run
h".� Sthn per�ptwsh pou C = 0, lÔste th DE , upojètonta
 ìti R = 0 ìtan t = 0. Bre�teth sun�rthsh R(t). Ti problèpei to montèlo autì gia th diastol  tou sÔmpanto
;� KÔklwma R � L. An èna kÔklwma R � L se seir� trofodothje� me phg  stajer 
HED, E, o deÔtero
 kanìna
 tou Kir
hho� d�neiE � LdIdt � IR = 0:Bre�te thn èntash I w
 sun�rthsh tou qrìnou t.



5.4. DIAFORIK�ES EXIS�WSEIS DE�UTERHS T�AXHS 89� H logistik  DE. 'Otan lème ìti h aÔxhsh tou pagkìsmiou plhjusmoÔ e�nai 2%ennooÔme ìti o sqetikì
 rujmì
 aÔxhsh
, dN=dtN = 0:02, ìpou N o plhjusmì
 kai dN=dto rujmì
 aÔxhsh
 tou. Metr sei
 se qronik  per�odo p�nw apì èna ai¸na, èqoun de�xeiìti o sqetikì
 rujmì
 aÔxhsh
 fj�nei grammik� me ton plhjusmì,dN=dtN = a� bN;(Logistikì montèlo). P.q. sti
 HPA metaxÔ 1790 kai 1940, oi timè
 twn paramètrwne�nai a = 0:0318 kai b = 0:00017. Gia mikrè
 timè
 tou plhjusmoÔ N , èqoume proseg-gistik� dN=dtN ' adhlad  o plhjusmì
 aux�nei ekjetik�. H aÔxhsh tou plhjusmoÔ mhden�zetai ìtana�bN = 0; dhlad  ìtanN = a=b. Aut  thn anwt�th tim  tou plhjusmoÔ sumbol�zoumeme k, dhl. k = a=b e�nai o mègisto
 plhjusmì
 pou mpore� na anaptuqje� se k�poioperib�llon. 'Etsi, h logistik  DE gr�fetai w
dNdt = aN �1� Nk � :LÔste thn logistik  DE kai k�nete to gr�fhma th
 lÔsh
.5.4 Diaforikè
 exis¸sei
 deÔterh
 t�xh
Sto par�deigma th
 eleÔjerh
 pt¸sh
 e�dame ìti sth lÔsh th
 DE upeisèrqontai duo au-ja�rete
 stajerè
, pou proèrqontai apì ti
 duo diadoqikè
 oloklhr¸sei
 pou k�name giana broÔme th lÔsh. Duo stajerè
 e�nai èna genikì qarakthristikì twn DE deÔterh
 t�xh
(ìpw
 trei
 stajerè
 prokÔptoun apì th lÔsh mia
 DE tr�th
 t�xh
 k.o.k.). En toÔtoi
, hlÔsh mia
 DE deÔterh
 t�xh
 den epitugq�netai p�nta me diadoqikè
 oloklhr¸sei
. Tupikìpar�deigma e�nai h ex�swsh tou armonikoÔ talantwt  (p.q. s¸ma m�za
 m sundedemèno meelat rio stajer�
 k), md2xdt2 = �kx:EleÔjero
 armonikì
 talantwt 
. An jèsoume !2 = k=m h ex�swsh tou armonikoÔtalantwt  gr�fetai �x = �!2x:Oi mìne
 sunart sei
 pou ikanopoioÔn th DE, �x = �!2x, e�nai oi sunart sei
 hm�tono kaisunhm�tono. H sun�rthsh sin!t e�nai lÔsh th
 DE ìpw
 mpore� na pistopoihje� me antika-t�stash. All� kai h sun�rthsh 
os!t, e�nai ep�sh
 lÔsh. Autì pou e�nai axioshme�wto e�nai



90 KEF�ALAIO 5. DIAFORIKES EXISWSEISìti o grammikì
 sunduasmì
 A 
os!t + B sin!t e�nai ep�sh
 lÔsh (elègxte to). Mpore� naapodeiqje� ìti h sun�rthsh x (t) = A 
os!t+B sin!te�nai h pio genik  lÔsh th
 DE. 'Opw
 proe�pame, perièqei duo stajerè
, A kai B. Autè
prosdior�zontai an dojoÔn duo arqikè
 sunj ke
, h arqik  jèsh kai h arqik  taqÔthta. Anp.q. gnwr�zoume ìti th qronik  stigm  t = 0, to s¸ma pern� apì th jèsh x0, me taqÔthtav0, tìte èqoume 0 = x(0) = A 
os 0 +B sin 0 = A:1 +B:0 = A;v0 = _x (0) = (�!A sin!t+ !B 
os!t)jt=0 = !BLÔsh tou sust mato
 autoÔ e�nai A = 0; B = v0=!. 'Etsi to prìblhma arqik¸n tim¸n�x = �!2x; x (0) = 0; _x (0) = v0;èqei lÔsh thn x (t) = (v0=!) sin!t:� Poi� e�nai h lÔsh an to s¸ma apomakrunje� apì th jèsh isorrop�a
 kat� a kai Ôsteraafeje� eleÔjero?� Me l�gh trigwnometr�a, an B 6= 0, h genik  lÔsh x (t) = A 
os!t + B sin!t mpore�p�nta na grafe� upì th morf x (t) = x0 sin (!t+ ') ; x0 = pA2 +B2; ' = ar
tan AB:Mia diaforetik  apìdeixh qrhsimopoie� ta strefìmena dianÔsmata.� KÔklwma L � C. 'Ena
 puknwt 
 qwrhtikìthta
 9�F fort�zetai me Q = 6�C kaisundèetai me phn�o autepagwg 
 L = 36Henry. O kanìna
 Kir
hho� gia to kÔklwmaautì, LdI=dt + Q=C = 0, metatrèpetai b�sei tou orismoÔ I = dQ=dt se mia DEdeÔterh
 t�xh
. Bre�te th sun�rthsh Q(t).Fj�nouse
 talant¸sei
. An jewr soume apìsbesh an�logh th
 taqÔthta
 (jumhje�-te ìti gia mikrè
 taqÔthte
 h upìjesh \ant�stash an�logh th
 taqÔthta
" e�nai mia kal prosèggish), h ex�swsh tou armonikoÔ talantwt  gr�fetaimd2xdt2 = �bdxdt � kxìpou o arijmì
 b > 0 lègetai stajer� apìsbesh
. Diair¸nta
 me m kai jètonta
 2� =b=m; !20 = k=m, ja èqoume �x + 2� _x+ !20x = 0: (5.4.1)



5.4. DIAFORIK�ES EXIS�WSEIS DE�UTERHS T�AXHS 91'Opw
 kai sthn per�ptwsh tou eleÔjerou armonikoÔ talantwt , an f(t) kai g(t) e�nai lÔsei
th
 (5.4.1), tìte kai Af(t) +Bg(t) e�nai lÔsh (elègxte to). Dokim�zoume lÔsei
 th
 morf 
x (t) = e�t, ìpou � prosdioristèo
 arijmì
. (D¸ste èna epiqe�rhma pou na dikaiologe� aut th dokim ). Antikajist¸nta
 thn sthn (5.4.1), br�skoume�2e�t + 2��e�t + !20e�t = 0kai epeid  to ekjetikì e�nai di�foro tou mhdenì
, to � e�nai lÔsh (pragmatik    migadik )th
 qarakthristik 
 ex�swsh
 �2 + 2��+ !20 = 0:'Eqoume loipìn �1;2 = ���q�2 � !20:Analìgw
 tou e�dou
 twn riz¸n th
 qarakthristik 
 ex�swsh
 (QE) èqoume ti
 ex 
 peript¸-sei
.a) � > !0: Oi r�ze
 e�nai pragmatikè
 kai �nise
. Oi sunart sei
 e�1t kai e�2t e�nai lÔsei
th
 DE kai h pio genik  lÔsh e�naix (t) = C1e�1t + C2e�2tEpeid  kai oi duo r�ze
 �1;2 e�nai arnhtikè
, h lÔsh fj�nei gr gora sto 0, dhlad  den èqoumetal�ntwsh (aperiodik  k�nhsh).b) � = !0. Sthn per�ptwsh aut  h (QE) èqei mìno mia dipl  r�za, �1;2 = ��. MporoÔmena diapist¸soume me antikat�stash sth (5.4.1) ìti ektì
 th
 e��t, kai h te��t e�nai lÔsh.Kat� sunèpeia h genik  lÔsh e�nai x (t) = (C1 + C2t) e��tg) � < !0. Sthn per�ptwsh aut  oi r�ze
 �1;2 e�nai migadikè
 suzuge�
. Jètonta
!2 = !20 � �2 > 0;(�ra �1;2 = ��� i!) h genik  lÔsh th
 (5.4.1) e�naix (t) = C1e�1t + C2e�2t = e��t �C1ei!t + C2e�i!t� ;ìpou C1 kai C2 auja�rete
 (migadikè
 en gènei) stajerè
. Qrhsimopoi¸nta
 ton tÔpo touEuler, h lÔsh gr�fetai x (t) = e��t (A 
os!t+B sin!t)



92 KEF�ALAIO 5. DIAFORIKES EXISWSEISme A = C1+C2 kai B = i(C1�C2). Epeid  h lÔsh e�nai pragmatik , prèpei kai oi stajerè
 Akai B na e�nai pragmatiko� arijmo�. Kai autì pr�gmati sumba�nei diìti oi migadikè
 stajerè
C1 kai C2 e�nai suzuge�
 (elègxte to). An jèloume, mporoÔme ìpw
 kai sthn per�ptwshtou eleÔjerou armonikoÔ talantwt  na metatrèyoume ton grammikì sunduasmì se mia mìnoarmonik  sun�rthsh (arke� B 6= 0). 'Etsi h lÔsh th
 (5.4.1) mpore� na grafe�x (t) = x0e��t sin (!t+ ') ; x0 = pA2 +B2; ' = ar
tan ABOi stajerè
 A kai B,   x0 kai ', prosdior�zontai apì ti
 arqikè
 sunj ke
. H lÔsh parist�-nei armonik  tal�ntwsh me elattoÔmeno (ekjetik�) pl�to
. H suqnìthta th
 tal�ntwsh
! =p!20 � �2 e�nai diaforetik  th
 idiosuqnìthta
 !0 tou eleÔjerou talantwt , all� sthnper�ptwsh mikr 
 apìsbesh
 (�� !0), mporoÔme na jewr soume ìti h suqnìthta th
 tal�-ntwsh
 taut�zetai me thn idiosuqnìthta tou talantwt , ! ' !0.KÔklwma R � L � C se seir�. An fort�soume ton puknwt  me fort�o Q0 kai tonsundèsoume me ant�stash kai phn�o se seir�, o kanìna
 tou Kir
hho� gr�fetaiIR + LdIdt + QC = 0kai lamb�nonta
 up' ìyin ìti Q = dI=dt, ja èqoumed2Qdt2 + RL dQdt + QLC = 0:Gr�foume th lÔsh upì th 2h morf Q (t) = Ae� R2L t sin (!t+ ')ìpou !2 = 1LC � R24L2 :ParathroÔme ìti h suqnìthta tal�ntwsh
 tou fort�ou (�ra kai tou reÔmato
) e�nai diafo-retik  apì thn idiosuqnìthta !0 = 1=LC tou kukl¸mato
 L � C. Oi arqikè
 sunj ke
Q (0) = Q0 kai I (0) = _Q (0) = 0 (giat�?) epib�llounA sin' = Q0; 0 = � R2LA sin'+ A! 
os';kai prokÔptei amèsw
 A = !0! Q0; ' = ar
tan !R=2L:



5.4. DIAFORIK�ES EXIS�WSEIS DE�UTERHS T�AXHS 93� An qrhsimopoi soume thn pr¸th morf  gia th lÔsh,Q (t) = e� R2L t (C1 
os!t + C2 sin!t) ;prokÔptei C1 = Q0; C2 = R2L!Q0; dhlad  katal goume sto �dio apotèlesma. Parathre�-ste ìti an paragwg�soume w
 pro
 qrìno th DE pou p rame apì ton kanìna Kir
hho�,ja èqoume mia ant�stoiqh DE deÔterh
 t�xh
 gia to reÔma,d2Idt2 + RL dIdt + 1LC I = 0H genik  lÔsh ja e�nai th
 morf 
I (t) = e� R2L t (A 
os!t +B sin!t) = I0e� R2L t sin (!t + ') ;dhlad  to reÔma e�nai hmitonoeidè
 me pl�to
 pou fj�nei ekjetik� me to qrìno.Sunoy�zoume ìsa gnwr�same gia mia omogen  grammik  DE deÔterh
 t�xh
 me stajeroÔ
suntelestè
, �x+ a _x + bx = 0: (5.4.2)An oi r�ze
 �1 kai �2 tou qarakthristikoÔ poluwnÔmou e�nai pragmatikè
 kai �nise
, tìte hgenik  lÔsh th
 (5.4.2) e�nai x (t) = C1e�1t + C2e�2t:An oi r�ze
 e�nai migadikè
 �1;2 = �� i!, tìte h genik  lÔsh gr�fetaix (t) = e�t �C1ei!t + C2e�i!t� ;  x (t) = e�t (A 
os!t+B sin!t) ;  x (t) = x0e�t sin (!t+ �) :Tèlo
, sthn per�ptwsh �swn riz¸n �1 = �2 = �, h genik  lÔsh gr�fetaix (t) = (C1 + C2t) e�t:Ask sei
. 1. Bre�te mia lÔsh th
 ex�swsh
 �x+ _x� 2x = 0; x (0) = 3 pou den te�nei sto�peiro ìtan t!1.2. LÔste ti
 parak�tw diaforikè
 exis¸sei
 kai sqedi�ste ti
 lÔsei
�x+ 2 _x = 0; x (0) = 1; _x (0) = 0; �x + 2 _x+ 2x = 0; x (0) = 2; _x (0) = 0;�x+ 4x = 0; �x� 4x = 0 �x + 0:2 _x+ 1:01x = 0; �x� 0:2 _x+ 1:01x = 0:



94 KEF�ALAIO 5. DIAFORIKES EXISWSEIS3. LÔste ta probl mata arqik¸n tim¸n kai k�nete gr�fhma twn lÔsewn_x = rx (1� x=k) ; r; k > 0; x (0) = k=3�x + 3 _x+ 6:25x = 0; x (0) = 2; _x (0) = 04. Bre�te sunj ke
 pou prèpei na ikanopoioÔn oi par�metroi ¸ste h DE�x+ 2a _x + !20x = 0na perigr�fei fj�nousa tal�ntwsh.5. Na luje� h DE md2xdt2 + bdxdt + kx = 0; b2 < 4kmTi parist�noun oi (jetikè
) par�metroi m; b; k?6. Gia thn qhmik  ant�drash X +Y ! Z, an 
1 kai 
2 e�nai oi arqikè
 sugkentr¸sei
 twnantidr¸ntwn kai x(t) e�nai h sugkèntrwsh tou proðìnto
 th stigm  t, tìtedxdt = k (
1 � x) (
2 � x)ìpou k e�nai stajer . Bre�te thn x(t) kai k�nete to gr�fhma th
 lÔsh
 (profan¸
 x (0) = 0).



Kef�laio 6
EFARMOGES1. 'Ena s¸ma ektoxeÔetai katakìrufa pro
 ta p�nw. H apom�krunsh tou apì to shme�obol 
 w
 sun�rthsh tou qrìnou e�nai y(t) = �5t2 + 45t+ 6. Poiì e�nai to mègisto Ôyo
 pouft�nei?2. H apom�krunsh enì
 antikeimènou apì th jèsh isorrop�a
 tou (y = 0) d�netai w
sun�rthsh tou qrìnou apì th sqèsh y(t) = e�0:2t 
os t. Bre�te ti
 mègiste
 apomakrÔnsei
p�nw kai k�tw apì th jèsh y = 0.3. 'Otan b qoume h traqe�a sustèlletai. H taqÔthta v tou exerqìmenou aèra exar-t�tai apì thn akt�na r th
 traqe�a
. An R e�nai h kanonik  (en hrem�a) akt�na th
, tìte giar � R, h taqÔthta d�netai apì thn v(r) = a(R � r)r2, ìpou a jetik  stajer�. Gia poia tim th
 akt�na
 h taqÔthta g�netai mègisth?4. Bre�te ti
 diast�sei
 enì
 kulindrikoÔ koutioÔ apì aloum�nio, ìgkou 500
m3, pouqrhsimopoie� to el�qisto ulikì (aloum�nio).5. H puknìthta tou aèra �, w
 sun�rthsh tou Ôyou
 h d�netai apì th sqèsh�(h) = 1:28e�0:000124h(kg=m3):Bre�te th m�za mia
 st lh
 aèra diamètrou 2m kai Ôyou
 25km.6. H plhjusmiak  puknìthta (k�toikoi/km2) mia
 pìlh
 duo ekatom. kato�kwn, elat-t¸netai ekjetik� apì to kèntro pro
 thn perifèreia sÔmfwna me to nìmo p(r) = 800e�ar,ìpou r h apìstash apì to kèntro. Prosdior�ste th stajer� a > 0 upojètonta
 ìti h pìlhekte�netai se �peirh apìstash.7. Upenjum�zoume ìti h udrostatik  p�esh se b�jo
 h d�netai apì th sqèsh p =�gh, ìpou � e�nai h puknìthta tou ugroÔ. Upolog�ste th dÔnamh pou dèqontai ta pleurik�toiq¸mata mia
 pis�na
 diast�sewn 4� 12� 3 gem�th
 me nerì.8. H dÔnamh F metaxÔ duo fort�wn d�netai apì to nìmo tou Coulomb, �ra exart�tai95



96 KEF�ALAIO 6. EFARMOGESapì thn apìstash r twn fort�wn. 'Otan to èna fort�o apomakrÔnetai apì to �llo kat� �r, tostoiqei¸de
 èrgo th
 dÔnamh
 e�nai F (r)�r. To �jroisma Riemann twn stoiqeiwd¸n èrgwnma
 d�nei to èrgo gia mia peperasmènh metak�nhsh. Bre�te to èrgo th
 dÔnamh
 Coulomb ìtanto èna fort�o metakine�tai apì apìstash r1 se apìstash r2 apì to �llo fort�o.9. Upolog�ste ton ìgko sfa�ra
 akt�na
 R. (Upod. Qwr�ste to hmisfa�rio se fète
p�qou
 �h, par�llhle
 pro
 th b�sh, kai \ajro�ste" tou
 ìgkou
 tou
).6.1 Upologismì
 embad¸nTo embadìn pou perikle�etai metaxÔ twn grafhm�twn twn sunart sewn f kai g kai twneujei¸n x = a; x = b, d�netai apì ton tÔpoA = Z ba jf � gj ;(k�nete sq ma).� Upolog�ste ta embad�: (a) MetaxÔ th
 f(x) = x3 kai th
 efaptomènh
 th
 sto 1, apìth jèsh x = 1 mèqri th jèsh x = 2. (b) MetaxÔ th
 parabol 
 y = 4x � x2 kai tou�xona x.� Upolog�ste to embadìn kÔklou akt�na
 a. (Upod. y2 + x2 = a2).6.2 M ko
 kampÔlh

PSfrag repla
ements x�x�y �l

To m ko
 mia
 kampÔlh
 y = f(x); a � x � b, upolog�zetai w
 ex 
: To stoiqei¸de
m ko
 �l sto sq ma d�netai proseggistik��l 'p�x2 +�y2 'q�x2 + (f 0 (x)�x)2 = �xq1 + [f 0 (x)℄2:



6.3. �OGKOS KAI EPIF�ANEIA AP�O PERISTROF�H 97To �jroisma twn stoiqeiwd¸n aut¸n mhk¸n e�nai kat� prosèggish to m ko
 th
 kampÔlh
.Sqhmat�zonta
 to �jroisma Riemann, ja katal xoume ston tÔpoM ko
 kampÔlh
 = L = Z ba q1 + [f 0 (x)℄2 dx:� Upolog�ste to m ko
 th
 alusoeidoÔ
 kampÔlh
y = 12(ex + e�x)metaxÔ x = �1 kai x = 1 (e�nai to sq ma pou pa�rnei mia alus�da   èna kal¸dio poukrèmetai apì duo pÔrgou
).� Upolog�ste ta m kh twn kampul¸n: (a) y = lnx, 1 � x � e (b) y = ln 
os x; 0 � x ��=6.JewroÔme t¸ra mia parametrik  par�stash mia
 kampÔlh
, dhlad  èna zeÔgo
 paragw-g�simwn sunart sewn x(t); y(t) me t 2 [a; b℄. Epeid  dx = _x(t)dt kai dy = _y(t)dt, to m ko
th
 kampÔlh
 ja d�netai apì ton tÔpoL = Z ba p _x2 + _y2 dt:� Elègxete ton tÔpo upolog�zonta
 to m ko
 tou kÔklou x(t) = r 
os t; y(t) = r sin t,t 2 [0; 2p℄.� Upolog�ste ta m kh twn kampul¸n: (a) KukloeidoÔ
, me x(t) = a(t � sin t); y(t) =a(t � 
os t), t 2 [0; 2�℄. (b) x(t) = 
os3 t; y(t) = sin3 t, t 2 [0; 2�℄. (g) x(t) =t� tanh t; y(t) = 1= 
osh t, t 2 [� ln 2; ln 2℄.6.3 'Ogko
 kai epif�neia apì peristrof 
PSfrag repla
ements �x



98 KEF�ALAIO 6. EFARMOGESAn h kampÔlh y = f(x); a < x < b, peristrafe� gÔrw apì ton �xona x, tìte o ìgko
tou stereoÔ pou sqhmat�zetai upolog�zetai an \ajro�soume" tou
 stoiqei¸dei
 ìgkou
 tousq mato
. K�je fèta èqei akt�na y kai p�qo
 �x.Sqhmat�ste èna kat�llhlo �jroisma Riemann. Ja prèpei na katal xete ston tÔpoV = � Z ba y2dx = � Z ba [f (x)℄2 dx:Gia kinoÔmena grafik�, http://
urvebank.
alstatela.edu/volrev/volrev.htm� Upolog�ste ton ìgko apì peristrof  gÔrw apì ton �xona x twn kampul¸n y = (tan �)x,ìpou � stajer  gwn�a, 0 < x < a, (k¸no
) kai y = e�x; 0 < x < 1. Upolog�ste tonìgko sfa�ra
.

PSfrag repla
ements �A

�l

Kaj¸
 h kampÔlh y = f(x) peristrèfetai gÔrw apì ton �xona x, diagr�fei mia epi-f�neia embadoÔ A. To stoiqei¸de
 embadìn e�nai �A ' 2�f(x)�l, ìpou fusik� �l '�xq1 + [f 0 (x)℄2: 'Ara to embadìn th
 epif�neia
 d�netai apì ton tÔpoA = 2� Z ba jf (x)jq1 + [f 0 (x)℄2 dxAn h kampÔlh d�netai parametrik�, tìteA = 2� Z t2t1 jy (t)jq _x (t)2 + _y (t)2 dt:W
 efarmog , a
 peristrèyoume kat� 2� per� ton �xona x, to hmikÔklio pou d�netai parame-trik� apì x(t) = a 
os t; y(t) = a sin t; t 2 [0; �℄ (k�nete sq ma). To embadìn th
 sfa�ra
pou sqhmat�zetai e�nai2� Z �0 a sin tpa2 sin2 t+ a2 
os2 t dt = 2� Z �0 a2 sin tdt = 4�a2:� Upolog�steton ìgko kai thn epif�neia tou elleiyoeidoÔ
 pou sqhmat�zetai apì peri-strof  per� ton �xona x th
 hmièlleiyh
 x(t) = a 
os t; y(t) = b sin t; t 2 [0; �℄.



6.4. TO ORISM�ENO OLOKL�HRWMA WS M�ESH TIM�H 996.4 To orismèno olokl rwma w
 mèsh tim Gia èna mègejo
 f pou exart�tai apì to qrìno, or�zoume w
 mèsh tim  tou sto qronikìdi�sthma [0; T ℄ hfiT = 1T Z T0 f (t) dt:W
 efarmog  a
 upolog�soume th mèsh isqÔ pou katanal¸netai se qrìno mia
 periìdou p�nwse ant�stash pou diarrèetai apì enallassìmeno reÔma. H isqÔ
 gr�fetai P (t) = RI20 sin2 !t,�ra hP iT = 1T Z T0 P (t) dt = !RI202� Z 2�=!0 sin2 !tdt = RI202 ;kai an gr�youme hP iT = I2rmsR, prokÔptei h gnwst  sqèsh metaxÔ energoÔ tim 
 kai pl�tou
,Irms = I0p2 :� Bre�te th mèsh tim  twn sunart sewn me tÔposin t; 
os t; sin 2t; sin2 t; 
os2 !t; 0 � t � 2�:Up�rqei se k�je per�ptwsh kat�llhlo � sto [0; 2�℄, tètoio ¸ste na isqÔei f(�) = mèshtim ?6.5 Elleiptikì olokl rwmaTo m ko
 th
 èlleiyh
 me parametrik  anapar�stashx (t) = a 
os t; y (t) = b sin t; b > ad�netai w
 gnwstìn apì ton tÔpol = 4 Z �=20 p _x2 + _y2 dt = 4 Z �=20 pa2 sin2 t+ b2 
os2 t dt:To olokl rwma metasqhmat�zetai stol = 4b Z �=20 r1� b2 � a2b2 sin2 t dt:To elleiptikì olokl rwmaE (k; �=2) = Z �=20 p1� k2 sin2 t dt; 0 < k < 1den upolog�zetai analutik�, all� asumptwtik� d�netai apì thn sqèshE (k; �=2) = �2 "1� �12�2 k2 � �1:32:4�2 k43 � �1:3:52:4:6�2 k65 � :::# :



100 KEF�ALAIO 6. EFARMOGES� Upolog�ste me akr�beia 4 dekadik¸n yhf�wn to m ko
 èlleiyh
 me hmi�xone
 a = 3 kaib = 4:� Upolog�ste to m ko
 th
 troqi�
 th
 gh
 per� ton  lio jewr¸nta
 ìti e�nai kÔklo
akt�na
 �sh
 me to af lio. Sth sunèqeia l�bete up' ìyin ìti h ekkentrìthta th
 gh
e�nai e = 0:0167 (bl. sqetikì �rjro sthn Wikipedia) kai upolog�ste to m ko
 th
elleiptik 
 troqi�
. Pìso e�nai to ep� toi
 ekatì sf�lma?


